Numerical approximation of Green\u27s functions and resolvent kernels by Choate, Darrel L.
University of Montana 
ScholarWorks at University of Montana 
Graduate Student Theses, Dissertations, & 
Professional Papers Graduate School 
1967 
Numerical approximation of Green's functions and resolvent 
kernels 
Darrel L. Choate 
The University of Montana 
Follow this and additional works at: https://scholarworks.umt.edu/etd 
Let us know how access to this document benefits you. 
Recommended Citation 
Choate, Darrel L., "Numerical approximation of Green's functions and resolvent kernels" (1967). Graduate 
Student Theses, Dissertations, & Professional Papers. 8085. 
https://scholarworks.umt.edu/etd/8085 
This Thesis is brought to you for free and open access by the Graduate School at ScholarWorks at University of 
Montana. It has been accepted for inclusion in Graduate Student Theses, Dissertations, & Professional Papers by an 
authorized administrator of ScholarWorks at University of Montana. For more information, please contact 
scholarworks@mso.umt.edu. 
NUMERICAL APPROXIMATION OF GREEN'S FUNCTIONS AND RESOLVENT KERNELS
by
Darrel L. Choate 
B. A, University of Montana, 1965 
Presented in partial fulfillment of the requirements for the degree of
Master of Arts 
UNIVERSITY OF MONTANA 
1967
Approved by:
  'k / ï : ....h airman. Board of Ejcaminers
D Graduate School
AY lub/
Date
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
UMI Number; EP38886
All rights reserved
INFORM ATION TO ALL USERS  
The quality of this reproduction is dependent upon the quality of the copy submitted.
In the unlikely event that the author did not send a complete manuscript 
and there are missing pages, these will be noted. Also, if material had to be removed,
a note will indicate the deletion.
UMI
Oiasartation PWaWehmg
UMI EP38886
Published by ProQuest LLC (2013). Copyright in the Dissertation held by the Author.
Microform Edition ©  ProQuest LLC.
All rights reserved. This work is protected against 
unauthorized copying under Title 17, United States Code
uest'
ProQuest LLC.
789 East Eisenhower Parkway 
P.O. Box 1346 
Ann Arbor, Ml 48106 - 1346
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
AC KN OWLE DGE r4EN T s
The work presented in this paper is believed to be an 
original technique for the numerical approximation of Green's 
functions and resolvent kernels. The author does not claim 
the originality to be his own. The ideas were originated by 
Dr. Robert P. Banaugh, Director of the Computer Center at the 
University of Montana, and were stimulated by a method of 
attack which he proposed to solve the general water wave 
problem. My sincere thanks are extended to Dr. Banaugh for 
his permission to publish this paper for my master's thesis. 
My thanks are also extended to Dr. Charles Bryan and Dr. Dave 
Arterburn for their help in the seminars we held on this 
problem, and to Professor John Peterson and Dr. M. E. Magar 
for- reading the thesis.
A special thanks to my wife, Robin, for her encourage­
ment, thoughtfulness, and help in typing the first draft of 
this paper.
This work was sponsored in part by NSF Grant No. GP5 80 8.
X V
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
T A B L E  O P  C O N T E N T S
Page
INTRODUCTION .
CHAPTER 1 An Introduction to Green's Functions and 
Method of Numerical Approximation. , . .
CHAPTER 2. Introduction to Integral Equations
CHAPTER 3. Numerical Approximation of Resolvent 
Kernels. .
REFERENCES 
APPENDIX o
Example 1-1. . 
Example 1-2(a) 
Example 1-2(b) 
Example 1-3, .
Matrix Inversion Subprogram (MAINV) and 
Subprogram Called F.
Mainline Programs for Chapter 3. 
Example 3-1
Example 3-2, . 
Example 3-3,1. 
Example 3-3.2. 
Example 3-3,3. 
Example 3-3.4.
16
24
35
37
37
48
52
57
64
66
69
78
84
9 7
102
111
V
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
N O T A T I O N
y ' '''f indicate the fourth derivative of y
dx
a S' b a is approximately equal to b
a = b a equals b by definition
[0,1] X [0,1] the unit square
a/b indicates b̂
A ^ the inverse of the operator A
I the identity operator
V I
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INTRODUCTION
The problem of numerical approximating Green's functions 
and resolvent kernels arises in solving such age old problems 
as the diffraction of acoustic and electromagnetic waves, the 
analysis of the distribution of temperature in a solid, the 
determination of the stress distribution in an elastic medium 
subject to boundary conditions and so on.
In this thesis we present a numerical technique for the 
determination of Green's functions as well as resolvent kernels 
The functions and kernels so constructed can be shown to con­
verge to the actual Green's functions and resolvent kernels 
[Dave Arterburn, Computer Center Report No.10, University of 
Montana]. We do not prove this here. We merely present 
several examples, that is, we generate numerical approximations 
and compare them to known Green's functions and resolvent 
kernels. These results are presented to aid the reader in 
formulating his own evaluation of the effectiveness of the 
technique. The work done in Chapter 1 is, as I suggest in the 
paper, a special case of that done in Chapter 3. The order 
the material is presented here is the actual order in which 
we attacked the problem and thus Chapter 1 is included.
The comparison and all the calculations were done by 
means of computer programs written, compiled and debugged 
by the author on an IBM 1620 in Fortran II language.
—  1 —
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Chapter 1
Green's functions are useful in the solution of boundary 
value problems for both ordinary and partial differential 
equations. They allow us to solve differential equations 
where ordinary methods of solution lead to a trivial solution.
As an example consider the differential equation
= y" = 0 (1.1)
dx^
with boundary conditions
yCO) = y(l) = 0. (1.2;
Note: We will occasionally use the differential operator
d2notation, here L = ——y.
dx
Solution: Integrating equation (1.1) twice with respect to x
we obtain
y = c^x + Cg 1,3;
where c^, Cg are constant, applying the boundary conditions (1.2) 
we obtain
=1 = =2 = O'
that is y = 0 or the trivial solution. Since ordinary methods 
fail we look for two non trivial solutions of the differential 
equations; one which satisfies the first boundary condition and 
the other satisfying the second boundary condition. In our 
example let y^ and y g be two solutions of equation (1,1.) defined 
by
- 2 -
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(x) = A^x (1-4)
(x) = (1 - x) { 1 : 5 1
where A^ and A^ are constants and clearly y^ ( 0 ) = 0, y g ( 1 i “■ 0. 
Furthermore, y^ and yg intersect- at some point s in the interval
[0, 1] and y^ is a solution of (1.1) for x e [0, s] and y^ is a
solution of ( l o i )  for x e [s, 1]. In order to determine the 
constants Aĵ  and A^ we require the solution to be continuous 
So in our example
A^s = A ^ (1 - s)o
We further require that the change or jump in slope at s be h (s)
a function which we choose. Thus
y]̂  (s) - y^ (s) = h (s) ,
Now h(s) is obviously independent of s in our example since 
h(s) = A^ + A2 o So let h(s) = 1 and then the three equations
imply
A + A = 1, A = 1 - s, and A_ = s 1 2  1 2
y^(x) = (1 - s)x
y2 (x) = ( 1 - x) s
Thus
r ( 1 - s ) X , 0 ̂ Xi.s 
y(x) = K(x,sj = J
I (1 - x)s, SiXi1.
Note :
a) y satisfies (1.1) except at x = s.
b) y is continuous and satisfies the boundary conditions \12?
c) y' is continuous except at s where it has a jump which is 
specified.
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Courant and Hilbert show [2, pages 354-358] a construction
of a Green's function in the generalized sense. That is if
dp dy = K<x, s) is the solution of Ly = 0 where L = p(x)— j  —  —  +
dx dx dx
and y satisfies the boundary conditions y{0) = y (1) = 0, then 
Ly = f(x) has a solution
1
yCx) = - f K(s,x)f(s)ds.
0
K(s,x) is called the Green’s function of the differential 
equation and the boundary conditions. Notice that K is indepen­
dent of f and dependent only on the differential operator L and 
the boundary conditions.
We will now investigate the possibility of approximating 
Green's functions numericallyc Recall we are trying to solve 
the equation
Ly = f (1.6)
on the interval Ï0,1] where L is a differential operator
d^ 2Example 1-1 Let L = — y + k , where k is constant, 1,6 ) then
dx
becomes
y" + k^y = f(x) (1.7)
with boundary conditions
y(0) = y^ = 0, y(l) = y^ = 0. (18)
First we approximate a solution by a straight forward finite 
difference scheme. Adopt the notation f{Xj) = f^; y"(x^) - y ^
and so forth.
Further let h = l/(n - 1) and
x^ = 0, x^ = If Xj = (j - l)h for j = l , 2 f  . , , , n.
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Now (Yj-i - 2y^ + Vj + i> j = 2, 3, .
so equation (1.7) becomes
Yj_2 - (2 - h^k^)yj + ^j+1 ^  for j = 2, 3,
Notice that y, and y are known and if we let s1 n
(1.9) written in matrix notation becomes
2Ay = h f 
where A i s n - 2  by n - 2 and
. . , n - lo (1.9)
h^k^ - 2, then
(1.10)
A =
s 1 0 0 0 . . , 0 ^2
1 s 1 0 0 . , . 0 •
r y = •
•
0 . . 0 0 0 1 s ^n-1
= ^n =■ 0
Now equation I1 ^10) has solution
or
y = A"^h^f
(hA"^)hf.
f f =
^2-^1
V l - ^ n
Note that (hÂ "*") means that h multiplies each element of A
We have already seen another method of solving (1.7) by 
means of Green's functions. Let g(x,t) be the Green's function 
for L in equation (1=7) and the boundary conditions (1.8). Then 
we know that
(1.11)
■1
y (x) = / g (x,t)f(t)dt, 
0
1.12)
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We may use one of several formulae for approximating the 
integral which will give us an expression which does not involve 
the integral. Any linear formula has the form
1 n
: I 
1=1
w(x)dx = % dj^w{x ) + e(x) (1.13)
where d^ and x^ are constants for a given interval and a given 
approximation scheme and e(x) is the error.
We will use the Traps zDidal Rule since it is in a sense 
the simplest of integration schemes in that it makes the fewest 
assumptions about the existence of higher order derivatives.
X. = (k - 1)h for k = 1, 2, . . . , n and h = — i~.K n—1
d^ = d^ = dj = h for j = 2 ,  3, . . . , n - l .
Notice for interior points of the interval d^ = h and we will 
assume e(x) is small enough to neglect. The theory and errors 
inherent in the Trapezoidal Rule as well as other integration 
approximation schemes are well developed [5, pages 103-110] and 
will not be discussed here.
So (1.12) becomes
n
y (x) = I g!x,t.)f.d. j=l J 3 J
which holds for all x but namely for the x^'s above. Thus
(1.14)L J J J
or in matrix notation
n
y = G(fd) (1.15)
—  6 —
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where
' yi
, G = , fd =
-fidi'
/ n 9nl • ^nn f d n n
Notice that the matrix G is a sampling of g(x,t) thus since
= 0 this implies ĝ ^̂  = 0 for i = 1, 2, . » . , n. Similarly
y^ = 0 implies that g^^ = 0 for i = 1, 2, , , . »n. Now it
can be shown [6, page 78] that Green's functions are symmetric
in X and t which implies that g^^ = ĝ ^̂  = 0 for i = 1, 2, . . . 
Thus (1*15) reduces to
y = G(fh)
n ,
(1.16)
where
n-l
G =
'22 '2,n-l
■n-I^n-1,2 ' ^n-1fn-l
The fundamental idea of this chapter is that the (hA )̂ 
of equation (1.11) approximates G in (1.16). Thus this is our 
method of approximating Green's functions.
For n - 5, h =■ 1/4, y. yc = 0, then
Jz. - 2 y . + y .  ̂ l-i for j = 2, 3, 4
and
-7-
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<5 y , 1 + s y . + y .. 1 ^ ^y" + k y =  ---—2---- 3 S" f. where s = h k  - 2, j = 2, 3, 4
Thus the equation above yields
Yj_l + sy^ + y^^^ = j fot j = 2, 3, 4
or
but y^ = Yg = 0
s 1 0 ^2 h^ti - yi
1 s 1 ^3 h^f3
0 1 s ^4_ h^f4 - Ys
or in matrix notation
and solving for y
or
Ay = h f
y = A"^h^f
y = (hA"^)(hf).
That is
^2 hail *’̂ 13 *’̂ 2
^3 ’’*22 ’’̂ 23 hf3
_ *’̂ 31 *’®32 **®33_
(1.17)
(1.18)
We have also seen
y(x) = / g(x,t)f(t)dt 0
where g is Green's function for the differential equation and
boundary conditions above. Thus
5 r 
Lk=l
and
— 8-"
y(x) = I dj^g(x,tj^) where = d^ = d^ = d^ = d^ = h
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
i  =  1 ,  2 ,  3 ,  4 ,  5
or
yi 9ll . - * • ^15
y2 ' • “*2^2
y 3 = • • djfa
y4 • • ^4*4
ys ^51 " * . .1- —* *—
Now as we have seen ĝ ĵ = 911 = 951 = 915 =
Thus the equation above becomes
"y2 "^22 ^ 2 3  9 2 4 " ^hf^-
y3 = ^32 ^33 ^34 hf 3
J 4 ^42 ^43 944 _^^4_
=  I f  2 ,  3 ,  4 , 5
(1.19)
or
y = G(hf). (1.20)
Thus we hypothesize G of (1.20) and (hA )̂ of (1.18) have 
approximately equal elements.
This computation was done in two programs. The output of 
the first program was the elements of the matrix (hA ) and is 
not given. In the second program comparison was made between 
elements of the matrices indicated above.
For a listing of both source programs and the error tables 
for this numerical approximation see appendix pages (37-47)
Example 1-2. Consider
y (x) = f(x) (that is L = j )
dx
with boundary conditions
yi = ^n = yi =
-9-
(1.21)
(1.22)
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Taylor series expansions for y(x * h) and y(x * 2h) may be
combined to yield 
„(iv) _ 1
h’
for j = 3 ,  4, . . . , n - 2 .
Further from the boundary conditions (1.22) a first order
TT
y2 - Yiapproximation to y g is y^  pj  = 0 or y2 ^  0 and similarly
y . = 0. Note that y_ -'n-l -'2 y , = 0 implies that the Green's ■'n-l ^
function for L of (1.21) and boundary conditions (1.22) would 
be zero not only on the border from y^ = y^ = 0 but at a distance 
h in from the border.
This finite difference scheme yields
Ay = h f
where
6 -4 1 0 0 . 0 — — r £ 1^3 ^3-4 6 -4 1 0 . . . 0 • *
, y = • / f = o
• yn-2 ^n-20 0 • • . 0 1-4 6 —  —
Solving for y
or
y = A"^h^f
y - (h^A ^)(hf). (1.23)
3 - 1  3Note: By h A we mean h multiplies each element of the
-1matrix A
Let g(x,t) be the Green's function for L of (1.21) and 
boundary conditions (1.22). As in example 1 we obtain equations
-10 —
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(1.14) and (1.15) = gNow = 0 implies = g^^
for i = l ,  2, . , . , n as before. But further, y2 = ^n-1 ~  ̂
implies g2  ̂ = g^g ?n-]yi ^i^-1 ° ^°r i = 1, 2, . . . , n.
Thus G of (1.15) reduces to a (n - 4) by (n - 4) matrix which 
we compare to (h^A"^) of equation (1.23).
For n = If h =
in —  0
= f(x) reduces to
y% - -'̂ 2 + 6y^ - 4y^ + yg = h'^fg
Y2 - 4Y3 + 6y4 - 4y^ + 76 =
Vj - 4y^ + 675 - <^6 + y? = *'‘’*5
^ 6 = ^ 7 = 0 SO the above equations
or
Solving for y
or
That is
We also know
6 - 4  1
— 4 6 —4
1 - 4  6
= h
Ay = h f.
y = (h^A‘■^)(hf) •
^ 3“
[— ,3h a^^ ^ ^12 h^ij- -hfj-
^4 h^a2i
.3 
^ ^22 *'^*23
ys_
x-3
_ h ^31 h ag2 h \33_
y(x) = j g(x,t)f(t)dt 
0
- 11-
(1.24)
(1.25)
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where g is the Green's function for L of (1.21) and boundary
conditions (1.22)= Thus 
7
-  I (^x^ik^k i = l , 2 ,  where d^ = d^ = h/2,
dj = h. 2, 3, 4, 5, 6,
or
g i l  . . .
71 77
difi
(1.26)
As we have seen y^ = 0 implies g^^ = g^^ = 0 and y^ = 0 implies
g_. = g ._ = 0 and similarly g_. = g.~ = g,. = g .  ̂ = 0 is implied 7i i7 2i ='i2 6i i6
by y^ = Yg = 0 for i = 1/ 2, • . , 7• Thus
934 935 -hfj-
^4 =r 943 ^44 ^45 hf4
/5_ _9S3 954 ^55J _ " s _
(1.27)
or
y = G(hf). (1.28)
Thus we compare the elements of G in (1.28) with the elements 
of (h^A )̂ in (1.24). For error tables and source programs 
see appendix pages (48-51).
A much better approximation of y^ and y^_^^ and thus g(x,t)
at a distance h in from the border would be to use Taylor series 
expansions of y^ and y^_^^ and force the approximations through 
zero at y^ and y^ respectively,
—12 —
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y(x) ^  A{x - Xj)^ + B(x - Xj)  ̂ + C(x - Xj)  ̂ + D(x - Xj) + E
] " 1 # 2*/ • • ® f ri *
Now y^ = 0 which implies E - 0, y^ = 0 so D = 0.
Thus
so
y(x) = A{x - Xj)  ̂ + B(x - Xj)  ̂ + C(x - Xj)^,
y2 '= Ah^ + Bh^ + Ch^
y 2 = A(2h) + B(2h) ̂  + C(2h)^
y^ = A(3h)^ + B(3h)^ + C(3h)^.
Solving for A in terms of the y 's ,
-2y^ + 9y^ - 18y^ = -36Ah^,
But we know
y(iv) ^  4 î A ^  f (x)
so
l A  =  i4i (12y_ - 6y + 4/3 y .) = f(x).h4  ̂ J
Thus
and similarly
12y 2 - 6y^ + 4/3 y^ = h^f^
V 3  y „ _ 3  -  il +  1 2 y ^ _ 3  =2
Therefore the new finite difference approximation of L and 
the boundary conditions is
Ay = h f
where
-13-
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A =
12 -6 4/3 0 0
-4 6 ~4 1 0
1 —4 6 —4 1
0
0
0
y = f f =
, ^n-1
0 . o . 0 1 —4 6 -4
0 o . c 0 0 4/3 -6 12
The whole arguement given before then follows with the excep­
tion that {g^j) of (1.26) is zero only on the outside rows and
columns. Notice that the only difference in work required in
solving the equation is that we are required to invert an (n - 2) 
by (n - 2) instead of an (n - 4) by (n - 4) matrix but the errors 
are considerably less. (See appendix pages 52-56)
Example 1-3. Consider
y" + k^y - f(x) (1,29)
with "indefinite boundary conditions/
n-l
Yi = yi = y;. (1,30:
Now
or
y ' = y' implies 1 n
n
^n - ^n-1
0 (1.31)
and further from (1.30)
Yl - Yn = O' (1.32:
Making the same finite difference approximation to (1.29) as 
we did to L in example 1, (1.29) becomes
— 14 —
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n 1.
2 2where s = -2 + h k
3 " ]-̂-L ]
(1.33)
Combining equations (1.32), (1.33), (1.31) in that order we 
obtain
Ay = h f
where
A =
1 0 0 0 0 • • • — 1 0
1 s 1 0 0 • • • 0 ^1 ^20 1 s 1 0 • • • 0 •
f y = • r f = •
•
• ^n ^n-10 0 • • • 0 1 s 1 0
1 -1 0 • • 0 -1 1
Solving for y
or
A-^h^f
y = (hA~^)(hf). (1.34)
If g(x,t) is the Green's function for (1.29) and (1.30) then we
-Iobtain equations (1.14) and (1.15) as before. (hA ) in equation
(1.34) is an n by n matrix which we compare to G in (1.15).
Notice that the outside rows and columns of G do not disappear so 
we get an additional inaccuracy from the h/2 terms in the 
Trapezoidal approximation.
For source programs and error tables on this numerical 
approximation see appendix pages ( 57-63)
-15-
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Chapter 2
An integral equation is an equation in which the unknown 
function appears under an integral sign. In this paper we will 
consider only linear integral equations, that is, integral 
equations which contain no non-linear unknown functions. Thus 
when we refer to an integral equation we will mean a linear 
integral equation.
Integral equations are normally divided into two classes 
depending on the limits of integration. An equation of the 
form
d
a{x;y{x) = f(x) + X / k(x,t)y(t)dt (2.1)
c
where a, f, k, are given functions and X, c, d, are constants 
is called a Fredholm equationc Since we will be working with 
numerical solutions of (2.1) we will be forced to choose 
numerical values for c and d. So without loss of generality 
we will let c = 0, and d = 1. The function y(x) is unknown 
and is to be determined. The function k(x,t) is known as the 
kernel of (2.1). If the upper limit of (2,1) is the variable 
X then the equation
X
a(x)y(x) = f(x) + X / k(x,t)y(t)dt (2.2)
0
is known as a Volterra equation. Clearly the parameter X could 
be included in the kernel but this is not advantageous in the 
theoretical treatment.
-16-
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If a(x) = 0  then the above equations are known as integral 
equations of the first kind and if a(x) = 1, equations of the 
second kind. If a(x) is not constant they are known as equations 
of the third kind. We will be mainly interested in the second 
kind since equations of the third kind can be changed into the
second kind. If a(x) / 0 then dividing (2.1) by /a(x)
- M ' - l
then (2.3) can be considered an integral equation of the second
kind in the unknown function (/a(x)y (x)) and clearly equations 
of the first kind are a special case of the second kind.
Since integral equations arise from physical problems we 
will require a(x), f(x) and k(x,t) to be continuous on [0,1] and 
[0,1] X [0,1] respectively and look for continuous solutions y(x) 
Unlike differential equations additional conditions need 
not and can not be specified so the integral equation is said to 
be a complete formulation of a problem. We will not attempt to 
show it but every differential equation together with its 
initial or boundary conditions can be written as an integral 
equation. As a simple example of this consider
y"(x) = g(x,y). (2.4)
Integrating we obtain
X
y* (x; = , qtz,y(z))dz + ĉ
0 ^
X s
y(x) = , g(z,ytz))dz]ds + c,x + c- (2.5)0 0 1 z
where c^ and c^ are constants determined by the initial or
boundary conditions corresponding to (2.4).
-17-
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Equation (2.5) can be written
X
y(x) = j (X - z) g ( z ,y ( 2) ) dz: + c x + c„ . (2.6)
0 ^
To show that (2.6) is equivalent to (2.5), differentiate (2.6)
by the well known rule
~  / ^F(x,t)dt = / + F(x,B(x»^MM. - F(x,A(x) )^M211,
which is valid if F and SF/9x are continuous functions of x and 
t and if A* and B ' are continuous [4, page 223].
Let B(x) = X, Aix) = 0, F(x,t) = F(x,z) = (x - z)g(z,y(z)), then
~ (  (x - z)g(z,y (z) ) ) = g (z ,y (z) )
F(x,x) = 0, A' = 0, B ’ = 1
and
1
y ’(x) = j g(z,y(z))dz + c .
0 ^
So letting c^x + c^ = f(x) then, (2.6) is a Volterra equation
of the second kind in y If (2.4) were an initial value problem,
say y(0) = C2 = a, y'(0) = c ^ = b  where a and b are given
constants then (2,6] becomes
X
y(x) = j fx - z) g (z,y^))dz + bx + a.
Ô
If on the other hand (2.4) is a boundary value problem
say y(0) = c_ = a, y(l) = b we have for x = 1,
 ̂ 1 
b - y(l> = r (1 - z)g(z,y(z))dz + c, + a 
0
X 1
y(x) = / (x - z) g (z,y (z) ) dz + [ (b - a) - / (1 - z)g(z,y^))dz]x + a 
0 0
- 18-
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X 1
but breaking the second integral up into / and / and combining
0 X
the two integrals with the same limits of integration 
X 1
y(x) = / (xz - z)g (z,y(z))dz + f x(z - 1)g (z,y(z))dz + (b - a)x + a.
0 X
Or
1
y(x) = / k(x,z)g {z,y(z))dz + f (x)
0
where
fz (x - 1) for z E [0,x] 
f(x) = (b - a)X + a, k(x,z) = /
IX(z - 1) for z E [x,l] 
which is a Fredholm equation, ^
There are three well developed methods of solving integral 
equations of the second kind. The first method which we won’t 
discuss, was developed by Hilbert and Schmidt and generally 
bears one or both of their names, (See any one of the refer­
ences in the bibliography,) The second method is that of suc­
cessive substitutions developed by Neumann, Louiville, and 
Volterra. This method yields a solution y of equation (2.1) 
with a(x) = 1 as an infinite series in A with the coefficients 
being functions of x. The series converges for X smaller than 
a fixed number. We will use some of the ideas of the Neumann 
series but will not consider this method as such. The third 
method, developed by Fredholm, replaces the integral by a sum 
of n factors and requires that this approximation hold at the 
n points in the interval. This results in n equations and n 
unknowns. The solution y of the original problem is then the 
solution of this system as n becomes large. We use many of 
the ideas developed in this method.
—19 —
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Because of its historical significance we now derive and 
suggest a solution to a problem which Abel attempted to do in 
a paper published in 1823. This is the first recorded use of 
integral equations [1, page 7]. A particle starts from rest, 
V q = 0, at a point P having coordinates (x^,y^) on a smooth 
curve in the xy plane which is vertical. We first consider 
solving for the total time of descent when the curve is given 
and then vice-versa.
= (XQryo)
o
Let the origin of coordinates O be at the lowest point on 
the curve. Let the system be conservative (no friction, etc.) 
so the velocity of the particle at o will be independent of the 
shape of the curve. Further let Q (having coordinates (x,y>) 
be any other point on curve OP and let g be the gravitational 
force (g is constant). Let s be curve PQ. The velocity v of 
the particle at the time t is
V = V q + gt = gt.
Further the height x at any time t is given by
■0 ■ r'X = x„ + ;̂ -g
•20 -
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or combining these two equations and solving for v
or
/ ^ t  =  - f    letting t» = 0.
P ^ 0  ” ^
Now if we express s in terms of x, say
s = h(x) 
then the total time of descent
Xq
So if the shape of the curve is given as a function of x then 
the total time of descent T is given in the equation above as 
a function of Xc Abel set about solving the converse of this 
problem that is given T as a function of x, determine the 
curve O P .
Let X
f(x.) = /u 0 - X
but we know ffx^) = /2gT and Xq > g, and T are known so we are
to solve X q
/2iT = / (x)dx0 ^XQ - X
for h(x). The above equation is a Volterra integral equation 
and is known as Abel's integral equation. For notational
purposes we will determine y in the equation
= ! 7 ^ 1 7 7 -
—  21 * "
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1/2Divide both sides by (s - x) ' and integrate with respect to 
X over (0,s)
1 f(x)dx =  ̂ Î y(t)dt  ̂ dx
6 Is - x)^/2 o'b (X - t)^/^^(s - x)
X
dt
dx
The double integral can be readily interpreted with the aid of 
the figure. On the right side of the equation above we integrate 
over the shaded area first with respect to t then x. If we inter­
change the order of integration the limits change as follows:
sx ss
j ' E(x,t)dtdx = // E{x,t)dxdt.
Thus
00
f(x)dx
T72
ot
■dx
0 Cs - xj 0 t t(x - t)(s - x)
(s - t)dzs 1
=
-j^j]y(t)dt let x=(s-t)z+t
]y(t)dt
0 0 [{s - t)z]^/^[s - ( s - t) z - t]
Yy^)y(t)dt let z=sin^0
s 1
/ : /0 0 [z (1 - z) ]
F y (t)dt
- 22 -
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or
J y(t)dt = 1 /
0  ̂ 0 {s - x)
differentiating both sides with respect to s
So if f(x) is prescribed such that the right side of the above 
equation exists and is continuous then Abel's integral equation 
has a continuous solution.
This will be the only Volterra integral equation we will 
solve in this paper.
-23
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Chapter 3
Consider the integral equation of the second kind
1
yix) - À / k{x,t)y(t)dt = f(x). (3.1)
0
Introducing "integral operator" notation (non-subscripted 
capital letters):
1
Kw(x) = / k(x,t)w(t)dt.
0
Equation (3.1) becomes
y(x) - XKy(x) =* f(x)
or
{1 - /K)y(x) = f(x). (3.2)
Now if there exists a solution of (3.1) then
y (x) = (I - XK)"^f(x). (3.3)
Theorem 3.1, The following conditions are sufficient to imply 
that (3.1) has a solution:
(a) k(x,t) is continuous in both variables on [0,1] X [0,1] 
and f is continuous on [0,1],
(b) IXk(x,t) I ^ I X I |k(x,t) I < M < 1 on [0,1] X [0,1].
-24-
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Proof; Let
Further let
9 1K f{x) = / k(x,s)Kf(s)ds
1 1
= / k(x,s)(/ k(s,t)f(t)dt)ds 
0 0
1 1
= |f/ k(x/s)k(s,t)ds)f(t)dt. (3.4)
0 0
K^(x,t) r |k(x,s)k(s,t)ds (3.5)
0
where K 2 is called an xnterated kernel 
Thus (3.4) becomes
1
K^f(x) = / K » (x,t)f(t)dt. (3.6)
0
Repeating we obtain
K^f(x) = ; K tx,t)f(t)dt (3.7)
0 "
and K^(x,t) is called the nth iterated kernel defined by the 
recurrence formula
1
K { x , t ) = / k ( x , s ) K , ( s , t ) d s  (3.8)n 0 "
for n = 2, 3, 4, . . . and
Kj^(x,t) = k(x,t) . (3.9)
Lemma: Show that
1
^P+q^X't) = / Kp(x,s)Kg(s,t)ds (3.10)
where p, q are any positive integers.
Proof of lemma: We use induction on p. Equation (3.10) is
true for p = 1 and q = 1, 2, . . . from (3.8) and (3.9).
-25-
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Assume that
1
(Xf t) = / Kj^(x,s)Kg(s,t)ds (3.11)
for q = 1, 2, . , . and k > 1.
Show that
1
K (x,t) = / K (x,s)K (s,t)ds.k+l+q Q k+1 q
1 1 1
/ Kj^+]^(x,s)K (s,t)ds = J [ j k(x,u)K. (u,s)du)K (s,t)ds 
0 ^ 0 0 ^
1 1
= / k(x,u)(/ K, (u,s)K (s,t)ds)du 
0 0 ^
= / k (x,u)Kj^^g(u,t)dt 
= Kj^+l+q{x,t) .
f 0 'ILet y ' (x) be an initial approximation of y(x) under
the integral sign in (3.1) then (3.1) becomes
y^^^(x) = f(x) + XKy^^Nx). (3.12)
By substituting this approximation into y (x) under the integral 
sign of (3.1) we obtain
y^^^(x) = f(x) + XKf(x) + (x)
continuing in this manner
y^^^(x) = f(x) + XKf(x) + X^K^f(x) + X^K^f(x) +
, . . + X^“^K^"^f(x) + R^(x) (3.13)
where R^(x) = (x) .
Hence as n -*■ ® we might be lead to a solution of (3,1) if the 
right side of (3.13) converges.
26-
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That is w
Y(x) = f(x) + I x V f  (x). (3.14)
n=l
Now (3,14) becomes
“ 1
y(x) = f(x) +  ̂ A^/ K (x,t)f(t)dt (3.15)
n=l 0 ^
from the notation we just developed. Assuming the summation 
is absolutely and uniformly convergent so we can interchange 
the integral sign and the summation,
1 »
y(x) = f(x) + A / 2 (x,t) f(t)dt. (3.16)
0 n=0
But from assumption (b) of this theorem,
I A I Ik(x,t) I < M < 1 
which implies, considering (3.5)
IA^K^(x,t)1 <
and continuing in a like manner
I A^K^(x,t) I < M". (3.17)
This implies of course that the summation in (3.16) is absolutely 
and uniformly convergent since M < 1 and since f(x) is continuous 
on the closed unit interval, then f is bounded so the solution
as given by (3.15) is absolutely and uniformly convergent. This
completes the proof of Theorem 3.1.
Let
CO
r(x,t;A) = I A^K -, (x,t) (3.18)
n=0
then a solution to (3.1) can be written
1
y(x) = f(x) + A / r(x,t; A)f(t)dt (3.19)
0
-27-
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or in integral operator notation
y(x) = f(x) + XRf(x)
= (I + XR)f(x). (3.20)
r(x,t;A) is known as the reciprocal or resolvent kernel asso­
ciated with the kernel k(x,t) on [0,1]. The series in (3.18) 
is known as the Neumann series. A more precise analysis will 
show that the series in (3.18) converges absolutely and uniformly 
when I X I < I A2 I, where x^ is the smallest characteristic number, 
[4, page 267].
A more general proof of the previous theorem comes from 
an application of functional analysis letting X be the Banach 
space of the continuous functions on [0,1] and K the bounded 
linear transformation from X into X. A couple of preliminary 
theorems and definitions and an application of Banach's Fixed 
Point Theorem leads to the same conclusion (see either 10, pages 
164-167 or 12, pages 114-124].
An example of a Neumann series leading to a resolvent 
kernel:
k(x,t) = 1 - 3xt 
= 1 - 3xt
1
Ko(x,t) - ' (1 - 3xu)(1 - 3ut)du
0
= 1 - 3/2(X + t) + 3xt
K.(x,t)
3xu)(1 - 3/2(u + t) + 3ut)du = 1/4(1 - 3xt) =K^(x.t)
for n 2. 2.It is not difficult to show that K =
—  2 8 —
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Certainly this is true for n = 3, so assume
K
K = , for all n ^ 3.n 4 K ,
Show that
^n+1 ^ K^(x,u)k{u,t)du
1 K (x,u)
= / —  k(u,t)du
0 ^
1
= 1/4 / K -{x,u)K (u,t)du 
0
= &^n-l
Thus
r(x,t;X) =  ̂ X"K _ (x,t) 
n=0
= [1 + ^  + ^  + . . .]Ki
x^ x'*
+ Î6 + ' ' '^^2
+ XK^] for I X I < 2
1
4
—  y [1 - 3xt + X[1 - 3/2(X +t) + 3xtl 1
1 - ^
 ̂ (3.21)
Therefore the integral equation
1
y(x) = f(x) + A / (1 - 3xt)y(t)dt (3.22)
0
has a solution
1
y(x) = f(x) + A / r(x,t;X)f(t)dt (3.23)
0
— 2 9  —
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w h e r e  r(x,t;A) is given by (3.21) p r o v i d e d  |x[ < 2 .  E q u a t i o n
(3.23) can be shown to be a so l u t i o n  of (3.22) by substitution.
Fredholm developed the resolvent kernel as a quotient 
of two infinite series (4, page 269, or 8, pages 45-59].
The Neumann series for solution of equation (3.1) leads 
to a solution of the form (3.19) or in operator notation
y (x) = (I + XR)f(x) . (3.20)
Assuming the conditions of Theorem 3.1 hold then
y(x) = (I - XK)“^f(x). (3.3)
Therefore
or
(I + XR)f(x) = (I - XK) ^f(x) (3.24)
and solving for R
I + .»R = (I - XK) (3.25)
ÎI - XK) -1 - I R = — ----    (3.26)
These last three equations are the heart of this chapter.
Now we develop finite analogs to these last three equations 
T]iat is, we replace integrals by sums of n factors and require 
our approximate equations to hold at a corresponding number of 
points. (See our development in Chapter 1, equations (1.13) 
through (1.17)). Applying (1.13) to (3.1) we obtain
n
y(x) - X T d k(x,t. )y = f(x) + Xe(x) 
k=l ^ ^
which is true for x = x ^ ,  i = 1, 2, . . . , n. Thus neglecting 
Xe (x)
n
y. - X 2 fi for i = 1, 2, . . . , n. (3.27)1 k=l ^
-30-
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Or in matrix notation (3.27) is
(I - (XK)d)y = f (3.28)
where I is now the identity matrix, (n by n ) , and
dĵ  c . , 0 “ ^1 "
d =
0 . . . dn
, y =
^n
, f =
and XK is the n by n matrix, with X multiplying each term of
K and K is a sampling of k.
Kfj = k ( (i - 1)h, (j - l)h) for if j = If 2 , , n. (3.29)
As an example for n = 4, h = 1 / 3 , = 0, x^ = 1 / 3 , x^ = 2 / 3 ,
x^ = 1, j = 1/6, d2 = d^ = 1 / 3  using the Trapezoidal
Rule as before, then (3,28) becomes
X hk 1 1 
^ 2
-,hki2 -Ahki3 -ihk^4
2 ' ^1 h
-*hk2i 1— Xhk2 2 -Ahk^^ - Xhk24 Y2 f.2 2
-Ah]... 312
-•'h^32 1-Ahkgg -Xhk34
2 ^3 *3
-Âhk4i
2
-Ahk42 xhk^4
2 ^4
Solving (3.28) for y
y = [I - (XK)d]"lf. 
Further we have shown
(3.30)
y(x) = f(x) + X / r(x,t;X)f(t)dt.
0
Using the same approximating integration scheme
-31-
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n
Or in matrix notation
y = f + (AR)df
2, . n . (3.31)
or
y = (I + XRd)f (3.32)
where I, y, t, and d are the same as in (3.28) and AR is an
n by n matrix where R is a sampling of r as was K
(3,28) and multiplies each element of R.
As an example let n = 4 and (3.32) becomes
Yl
.hr^i -Ahr^2 -*‘'"̂ 13 -Xhri4
2 2
^2 -xhr2i 1 - xhr -Ahr23 -*hr242
^3
-Ahr^l
"""2"'".
-Ahrj^ 1 - xhrjj -"'"'34
2
^4
-^hr4i -Xhr^2 -̂ *'>̂ 43 1 - "'"'44_ 2 2
Equating equations (3.32) and (3.30) we obtain
(I + ARd)f = (I - AKd)"^f.
Recall that R is a sampling of the resolvent kernel of k. 
Solving (3,53) tor R
(3.33)
aR = (I - Kd) - I (3.34)
Also recall that d h 1 = 2 , 3 ,  . . . , n - l ,  d. n 2 ’
The first program calculates
(I - AKd)"^ - I
-32-
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The second program changes h to d by dividing the first and 
the last column of (I - A K d ) — I by 2. It then compares 
the matrix that is the right side of equation (3.34) with 
an actual sampling of the known resolvent kernel times X,
AR^j = Ar((i - l)h,(j - l)h; A).
Example 3-1. As we have previously noted Mikhlin develops 
resolvent kernels by Fredholm's method [8, pages 46-59]. He 
gives one example on page 58.
k (x, t) = X + t
1 - A - X^/12
The source programs and numerical results for the comparison 
as suggested in equation (3.34) are given in the appendix 
pages ( 69-76) .
Example 3-2. The numerical results and source programs for 
the resolvent kernel which we derived earlier from the method
suggested in Theorem 3,1 are given in appendix pages ( 77-83).
k(x,t) = 1 - 3xt
r(x,t;A) =  -.I.  t ̂ X ^  2,
1 - x W ' i
In this example the values around the boundary are left out. 
Example 3-3. Let k(x,t) = e^^ and assume y(x) = f(x) =  ce^^,
Then we can show that
r a - bc =
a - b + A (1 - e^”^)
^ —b tA / f(t)e dt for a b,
0
Thus
a - b + A (1 - e )
-33-
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Now if a = b we can see
ax-bt
r ix,tr X) =
The following values of a and b were used:
Example 3-3.1. a — 1. , b = 1.
Example 3-3.2. a = 3.5 , b = 2.1
Example 3-3,3. a = -1.23, b = .222
Example 3-3.4. a = 1.5 , b = 2.9
For numerical results and sources programs see appendix pages 
(84-96, 97-101, 102-110, 111-120) respectively.
-34-
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APPENDIX
C EXAMPLE 1-1 PART 1
r Y » » + K**?*y = F(X)» Y(0) = Y(l) = 0
DIMFNSION A (40,40) ,B {40 » 1) » I R O W (40) ,J C O L (40) 
COMMON A , B ,I R O W ,JCOL
C
C N IS THE NUMBER OF INTERVALS
C N-1 IS THE DIMENSION OF A
C H = (XF-XO)/N
C
1 R e a d  i c i ,x o ,x e ,y o ,y n ,x k ,n
101 F O R M A T ( 5E14.8» IS )
PUNCH 105
105 F O R M A T (IH I
Pl JNEH Î 1 0 , XO , XF » YO , YN ,N , XK 
110 FORMAT ; llH INTERVAL {E 5.2,1H ,F5.?,5H ) Y0 = E 5 . 2 , 
14H YN=F5.2,3H N = I E ,3H K=F5.2/)
M = M - 1 
H = N
H= t X F - X O }/H 
DO 5 I= 1 ,M 
DO 5 J = 1 ,M 
5 A I I , J ; =0.
S = -2 .+H*Hi^XK*XK 
DO 10 I-1,M
10 A I I , I , -S
DO 2 0 I^ 2,M 
A ( Î - 1 ,I )=1.
2 0 A ( Ï ,I - 1 J-1.
PUNCH 149
149 FORMATi12H MATRIX A IS)
DO 2 5 J =1 ,M
PUNCH 102, (A { I,J ) , I=1 ,M)
PUNCH 105
25 CONTINUE
102 F O R M A T ( 10F 8.5)
C
r NOW WE FILL THE VECTOR B
C
S = H*H
DO 30 1=1,M 
X I = I
30 B (I,1)= S * F (X O + X I * H )
B(1,1)=B(1»1)“YO 
B(M,1)=B(M,1)-YN 
PUNCH 150
150 FORMAT(16H THE VECTOR B IS)
C CONTIMUFD ON NEXT PAGE
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PUNCH 102»(B(I » I=1»M>
CALL M A I N V (A » M , B » 1 *D E T * IF S )
C
C IF THE MATRIX IS SINGULAR IFS WILL BE 0
C
I F ( IFS)24,22,24 
22 PRINT 103
103 F O R M A T (/22X,23H THF MATRIX 15 SINGULAR)
GO TO 1
24 PUNCH 104»DFT
104 f o r m a t (/17X,20H THE DETERMINANT IS Ell.5)
DO 45 I= 1 »M
DO 4 5 J = 1 * M 
45 A { I ♦J )=A U  »J )*H 
PUNCH 151
151 F O R M A T (20H THE MATRIX A**-l IS)
C
c THIS IS THE OUTPUT USED IN PART 2
C
DO 50 J=1,M
PUNCH 202 » (A ( I »J ) » I= 1 »M)
C
202 F O R M A T (10F8.6)
C
C 202 F O R M A T (5 F 16 .8 )( IS THE FORMAT USED FOR K = 3 .1 
C
PUNCH 105 
50 CONTINUF 
PUNCH 152
152 F O R M A T (25H Y,THE SOLUTION VECTOR IS)
PUNCH 102 »(B( I » 1 ) » I= 1 ,M)
GO TO 1 
END
-38-
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c EXAMPLE 1-1 PART 2
C D**2Y+K**2*Y=F(X), Y0=YN=0,
C GREEN * S FUNCTION COMPARED TO THE INVERSE OF THE
C APPROPRIATE MATRIX
C PROGRAMMED BY DARREL CHOATE FOR DR. ROBERT BANAUGH
C JAN. 20$ 1967
DIMENSION B(.?9»39)
C THE A IS A s a m p l i n g  OF THF GREEN'S FUNCTION
C THE m a t r i x  R IS THE INVERSE OF A MATRIX CALCULATED IN
C ANOTHER PROGRAM
DIMENSION ID(80)
READ 301 $ ID 
301 FORMAT » 4 0 A 2 )
1 READ 100$N$XK$XO$XF 
100 F O R M A T ( I5,3E14.8)
PUNCH 401 » ID 
401 f o r m a t (4 0 A 2 / )
D = N
D F u T A X - (X F - X O )/D
PdMf'H SO 1 , XK tOFLTa X »X0 ♦ XF 
501 FORMAT I2HK = S6.2/8H OFLTAX = F 6 ,4 » 14H INTERVAL IS (F 4 .1 ,
1 IH$F4.1 $I H )/)
N = N-1
C TURN SSI ON FOR FORMAT 5F16.8, OFF FOR FORMAT IOFB.6
I F ( SENSE SWITCH 1)31,32
31 DO 33 1=1$N
READ 111 » (B ( I $J ) »J = 1 » N)
33 READ 102$BLANK 
111 FORMAT ' 5F16.8 )
GO TO X4
32 DO 30 I=1$N
READ 110 $(Bi I »J ) ,J = 1 , N)
30 READ )02 $ BLANK 
110 FORMA I >, 10F8.6 ?
34 PUNCH 115
115 F O R M A T (4 X $IHX»9X ,I H T$4X$
1 43HGREENS FNT ESTIMATE ERROR PERCENT ERROR)
READ 2 0 1 $N0$INC 
201 F O R M A T (215)
NOO=NO
DO 10 j=NO$N$INC 
JJ = J 
D = J
T=D*nFLTAX
DO 2 0 :=N00,JJ$INC
D= I
X = D*nPL TAX
A= - S I N E (XK*X )*SINF<XK*( 1.0-T ) )/t X K * S IN F(X K ) )
ERROR-ABSF ( Ai-B ( I » J ) )
PERCER=ERROR*100./A
20 PlJNCM 102»X$T»A 1 ,J) ,ERROR,PERCER
102 FORMA I I 2F8.4,4F10.4 ,
10 CONTINUE 
GO TO 
END
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D Ï F F F R F N T T A L  F Q U A T T O N  I S  Y * * ( 2 ) + K * K * Y = F ( X ) * * ( 2 )  M E A N S
SFrONO OFRIVATIVE» BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 1.00
DFLTAX= .2000 i n t e r v a l  is ( 0.0» 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 . 16 9 3 -, 1705 .0011 .6925
.2000 .4000 — .1333 - . I 342 .0009 .7090
.4000 ,4 000 -.2613 -,2631 .0018 .7023
.2000 .oOOO -.0919 -,0926 .0006 .7202
.4000 .6000 -.1802 -, 1815 .0012 .7140
.6000 ,6000 -.2613 -,2631 .0018 .7023
.2000 , 8000 — . 0 £+ 6 9 -.0472 .0003 .7262
.4000 ,8000 -.0919 -.0926 .0006 .7202
.6000 ,8000 -.1333 -.1342 .0009 . 7090
.8000 .8000 — , 16 9 3 -.1705 .001 1 .6925
DIFFERENTI AL EQUATION IS Y**(2)+K*K*Y = F ( X ) **(2) MEANS
SECOND DFRIVATIVF» BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 1.00
DFLTAX- ,1000 INTERVAL IS ( 0.0» 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -.1693 — . 169 6 .0002 .1717
.2000 . 4000 -.1333 -.1335 .0002 . 1757
.4000 .4000 -.2613 -.2617 . 0004 . 1 741
.2000 . (D 0 0 0 -.0919 -.0921 .0001 .1786
.4000 .6000 -.1802 -.1805 .0003 .1769
.6000 .6000 -.2613 -.2617 .0004 .1741
.2000 .8000 -.0469 — .0469 0.0000 . 1 804
.4000 .8000 -.0919 -.0921 ,0001 .1786
.6000 .8000 -.1333 -.1335 .0002 .1757
.8000 .8000 -.1693 — • 1696 .0002 .1717
-40-
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D I F F F R F N T I A L  e q u a t i o n  i s  Y * * ( 2 ) + K * K * Y = F ( X )  * * ( 2 )  M E A N S
SECOND d e r i v a t i v e , BOUNDARY CONDITIONS ARE YO = YN = 0
K= 1.00 
DELTAX= 0500 INTERVAL IS ( 0.0, 1.0)
X T GREENS ENT ESTIMATE ERROR p e r c e n t
.2000 .2000 -.1693 -.1694 0.0000 .0424
.2000 ,4000 -.1333 -.1333 0.0000 .0429
.4000 .4000 -.2613 -.2614 .0001 .0429
.2000 .6000 -.0919 -.0919 0.0000 .0437
.4000 .6000 -. 1802 -.1802 0 .0000 .0437
.6000 .6000 — .2613 — .2614 .0001 .0429
.2000 .8000 — .0469 — .0469 0.0000 .0440
.4000 .8000 -.0919 -.0919 0.0000 .0437
.6000 .8000 -.1333 -.1333 0.0000 .0429
.8000 .8000 -.1693 — .1694 0.0000 .0424
e r r o r
d i f f e r e n t i a l  e q u a t i o n  is Y * * (2)+ K *K *Y =F (X ) **(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 1.00
DELTAX^ .0250 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 -.1693 -.1693 0.0000 .0094
.2000 .4000 -.1333 -.1333 0.0000 .0084
.4000 .4000 -.2613 -.2613 0.0000 .0188
.2001 .6000 -.0919 -.0919 0.0000 .0178
.4000 .6000 - . 1802 -.1802 0.0000 .0082
.6000 .6000 -.2613 -.2613 0.0000 .0088
.2000 ,8000 — .0469 -.0469 0.0000 .0077
.4000 .8000 — .0919 -.0919 0.0000 .0078
.6000 .8000 -.1333 -.1333 0.0000 .0084
.8000 .8000 -.1693 -.1693 0.0000 .0094
ERROR
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D Ï F F F R F N T T A L  F O U A T J O N  I S  ) + K * K * Y = F ( X ) * * ( 2 )  M E A N S
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 2.50 
DELTAX= 2000 i n t e r v a l  IS ( 0.0» 1.0)
X T GREENS ENT E S T IMATE ERROR PERCENT
.2000 .2000 -.2913 -.3121 .0207 7.1257
.2000 .4000 -.3196 -.3462 ,0265 8.3217
.4000 .4000 -.5610 -.6059 .0448 8.0029
.2000 .6000 — .2696 -.2937 .0241 8.9509
.4000 .6000 -.4732 — .5140 .0408 8.6304
.6000 .6000 — .5610 -.6059 .0448 8.0029
.2000 .8000 -.1536 -.1678 .0142 9.2721
.4000 .8 000 -.2696 -.2937 .0241 8.9509
.6000 .8000 -.3196 -.3462 .0265 8.3217
.8000 .8000 -.291 3 -.3121 .0207 7.1257
DIFFERENTIAL. EQUAT I ON IS Y**( 2 ) +K*K*Y = F ( X ) **(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 2.50 
DELTAX~ 1000 INTFRVAl is { 0.0» 1.0)
X 1 GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -.2913 -.2962 .0049 1.6827
.2000 .4000 -.3196 -.3258 .0062 1.9565
.4000 .4090 -.5610 -.5715 .0105 1.8834
.2000 .6000 -.2696 -.2752 .0056 2.1002
.4000 .6000 -.4732 -.4828 .0095 2.0270
.6000 .6000 -.5610 -.5715 .0105 1.8835
.2000 .6000 -.1536 — .15 6 9 .0033 2.1730
.4000 .8000 -.2696 -.2752 .0056 2,1002
.6000 .8000 -.3196 -.3258 .0062 1.9565
.8000 .8000 -.2913 -.2962 .0049 1.6827
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d i f f e r e n t i a l  e q u a t i o n  i s  Y * * ( 2 ) + K * K * Y = F ( X ) * * ( 2 )  M E A N S
SECOND DERIVATIVE» BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 2.50
DELTAX= .0500 INTERVAL IS ( 0.0» 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -.2913 -.2925 .0012 .4146
.2000 .4000 -.3196 -.3211 .0015 .4817
.4000 .4000 -.5610 -.5636 .0026 .4638
.2000 .6000 -.2696 -.2710 .0013 .5166
.4000 .6000 - .4732 -.4756 .0023 .4988.6000 ,6000 -.5610 -.5636 .0026 .4638
.2000 .8000 -.1536 -.1544 .0008 .5345
.4000 .8000 -.2696 -.2710 .001 3 .5166
.6000 .8000 -.3196 -.3211 .0015 .4817
.8000 .8000 -.2913 -.2925 .00] 2 .4146
DIFFERENTIAL EQUATION IS Y * * {2)+K*K*Y=F (X ) **{2) MEANS
SECOND DERIVATIVE» BOUNDARY CONDITIONS ARE YO = YN = 0
K= 2.50 
DELTAX= 0250 INTERVAL IS i 0.0» 1,0)
X T GREENS FNT E S T IMATF ERROR PERCENT
.2000 .2000 -.2913 -.2916 .0002 .0995
.2000 .4000 -.3196 -.3199 .0003 . 1 147
.4000 .4000 -.5610 — .5616 .0006 .1107
.2000 .6000 -.2696 -.2699 .0003 .1223
.4000 .6000 — .473 2 -.4738 .0005 .1185
.6000 .6000 -.5610 — .5616 .0006 . 1 107
.2000 .8000 -.1536 -.1538 .0001 .1264
.4000 .8000 -.2696 -.2699 .0003 .1223
.6000 .8000 -.3196 -.3199 .0003 . 1 1 47
.8000 .8000 -.2Q13 -.2916 .0002 .0995
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D I F F F R F N T I A L  E Q U A T I O N  I S  Y * * ( 2 ) + K * K * Y = F ( X ) # * ( 2 )  M E A N S
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 3 . in
DFLTAX= ,2000 INTERVAL IS ( 0.0 $ 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -2.7693 11.2423 14.0116 505 .9505
.2000 .4000 -4.3204 18.3630 22.6835 525 .0273
.4000 .4000 -7 .0326 29.6673 36.7000 521 .8530
.2000 .6000 -4.2632 18.4250 22.6883 532 .1832
.4000 .6000 -6.9395 29.7675 36.7070 528 .9555
.6000 .6000 -7.0326 29.6673 36.7000 521 .8530
.2000 .8000 -2.6190 11 .4044 14.0235 535 .4353
.4000 .8000 “4 .2632 IB .4250 22.6883 532 .1832
.6000 .8000 -4.3204 18.3630 22.6835 525 .0273
.8000 .8000 — 2.7693 11.2423 14.0116 505 .9505
DIFFERENTIAL EQUATION IS Y * * ( 2 ) + K * K * Y = F ( X ) **(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 3.10
DFLTAX= .1000 INTERVAL IS C 0.0, 1.0)
X T GREENS ENT EST IMATE ERROR PERCENT
.2000 .2000 - 2 .7693 -3.9756 1 .2063 43.5585
.2000 .4 000 —4.3204 —6.2694 1 .9489 45.1109
.4000 .4000 — 7.0326 — 10.1868 3. 1541 44.8505
.2000 .6000 -4.2632 -6.2111 1.9478 45.6897
.4000 .6000 -6.9395 10.0920 3.1525 45.4282
.6000 .6000 -7.0326 - 10.1868 3.1541 44.8505
.2000 .8000 -2.6190 -3.8226 1.2035 45.9516
.4000 .8000 -4.2632 -6.2111 1.9478 45.6897
.6000 .8000 -4.3204 — 6.2694 1.9489 45.]109
.8000 .8000 — 2.769 3 -3.9756 1.2063 43.5585
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D I F F F R F N T I A L  F O U A T J O N  I S  Y * * ( 2 ) + K * K * Y = F ( X ) ^ * ( 2 )  M E A N S
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 3.10 
DFLTAX= 0500 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -2 .7693 -2.9947 .2253 8.1387
.2000 .4000 -4.3204 —4.6844 .3639 8 .4248
.4000 .4000 -7.0326 -7.6217 .5891 8.3767
.2000 .6000 -4.2632 -4.6269 .3637 8.5314
.4000 .6000 -6.9395 -7.5282 .5886 8.4832
.6000 .6000 -7.0326 -7.6217 .5891 8.3767
.2000 .8000 -2.6190 -2.8438 .2247 8.5795
.4000 .8000 -4.2632 —4.6 269 .3637 8.5314
.6000 .8000 -4.3204 —4 .6844 .3639 8.4248
.8000 .8000 -2 .7693 -2.9947 .2253 8 .1387
DIFFERENTIAL EQUATION IS Y**(2)+K*K*Y=F(X ) *(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0 
<= 3.10
DFLTAX= .0250 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -2.7693 -2.8200 .0506 1.8306
.2000 .4000 -4.3204 -4.4023 .0818 1.8946
• 4000 .4000 -7 *0 326 -7.16 51 .1324 1.8838
.2000 .6000 — 4.2632 -4.3450 .0817 1.9184
.4000 .6000 -6.9395 -7.0719 .1323 1.9076
.6000 .6000 -7.0326 -7.1651 .1324 1.8838
.2000 .8000 -2.6190 -2.6696 .0505 1.9291
.4000 .8000 -4.2632 -4.3450 .0817 1.9184
.6000 .8000 -4.3204 —4.4023 .0818 1.8946
.8000 .8000 -2.7693 -2.8200 .0506 1.8306
- 4 5 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
D I F F F R P N T T A L  F Q U A T I O N  i s  Y * * ( 2 ) + K * K * Y = F ( X )  * * ( 2 )  M E A N S
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 5.00 
DELTAX= .2000 INTERVAL IS ( 0.0, 1.03
X T GREENS FNT e s t i m a t e ERROR PERCENT
.2000 .2000 -.1328 -.2000 .0671 50.5783
.2000 .4000 .0247 0.0000 .0247 -100.0000
.4000 .4000 .0267 0.0000 .0267 -100.0000
.2000 .bOOO .1595 .2000 .0404 -25.3254
.4000 .6000 .1724 .2000 .0275 -15.9771
.6000 .6000 .0267 0.0000 .0267 -100.0000
.2000 .8000 . 1476 .2000 .0523 -35.4272
.4000 .8000 .1595 .2000 . 0404 -25.3254
.6000 .8000 .0247 0.0000 .0247 -100.0000
.8000 .8000 -.1328 -.2000 .0671 50.5783
d i f f e r e n t i a l  EQUATION IS Y**(2)+K*K*Y=F(X ) **(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0
K= 5.00 
DELTAX- 1000 i n t e r v a l  IS ( 0.0, 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -.1328 — . 14 5 6 .0127 9.6338
.2000 .4000 .0247 .0202 .0044 -18.1128
.4000 .4000 .0267 .0215 .0052 -19.4868
.2000 .6000 .1595 .1671 .0075 -4.7507
.4000 .6000 .1724 .1776 .0051 -2 .9958
.6000 .6000 .0267 .0215 .0052 -19.4868
.2000 .8000 .1476 .1573 . 0096 -6.5358
.4000 .8000 .1595 . 1671 .0075 “4.7507
.6000 .8000 .0247 .0202 .0044 -18.1128
.8000 .8000 -.1328 — .1456 .0127 9.6338
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d i f f e r e n t i a l  e q u a t i o n  i s  Y * * ( 2 ) + K * K * Y = F ( X ) * * ( 2 )  M E A N S
SECOND DERIVATIVE* BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 5.00
nFLTAX= .0500 INTERVAL IS ( 0,0* 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 .2000 -.1328 -.1358 .0030 2.2743
.2000 .4000 .0247 .0237 .0010 -4.2354
.4000 .4000 .0267 .0255 .0012 —4.6269
.2000 .6000 .1595 .1613 .0017 -1.1169
.4000 .6000 . 1724 .1736 .0012 -.7035
.6000 .6000 .0267 .0255 .0012 -4.6269
.2000 .8000 . 1476 , 1499 .0022 -1.5318
.4000 .8000 .1595 . 1613 .0017 -1.1169
.6000 .8000 .0247 .0237 .0010 -4.2354
.8000 .8000 -.1328 -.1358 .0030 2.2743
DIFFFRFNTIAL EQUATION IS Y**(2)+K*K*Y=F(X) **(2) MEANS
SECOND DERIVATIVE, BOUNDARY CONDITIONS ARE YO = YN = 0 
K= 5.00
DELTAX= .0250 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT E S T IMATE ERROR PERCENT
.2000 . 2000 -.1328 -.1335 .0007 .5600
.2000 .4000 .0247 .0245 .0002 - I .0417
.4000 .4000 .0267 .0264 .0003 -1 .1446
.2000 .6000 .1595 .1600 .0004 -.2747
.4000 .6000 .1724 .1727 .0002 -.1729
.6000 .6000 .0267 .0264 .0003 -1.1446
.2000 .8000 . 1476 .1482 .0005 -.3766
.4000 .8000 .1595 .1600 • 0004 -.2747
.6000 .8000 .0247 .0245 • 0002 -1 .0417
.8000 .8000 -.1328 -.1335 .0007 .5600
-47'
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C EXAMPLE 1-2 PART 1
C Y * « • » = F (X )
C Y (0)= Y (1)= Y '(0)= Y '(1) = 0.
DIMENSION A (40 »40) » R (40 * 1) ,I RO W(40) »JCOL(40)
COMMON A , B » I ROW »JCOL
C
C N IS THE NUMBER OF INTERVALS
C M-1 IF THF DIMENSION OF A
r H = (XF-XO)/N
r
1 R f a d  101,x o ,x f »y o ,y n »x k »n
101 FORMAT I5F14.8» I 5) 
p u n c h  I 0 9
105 FORMAT.IH )
PUNCH 110,XO,XF,YO,YN,N,XK 
110 FORMA TI 1IH INTERVAL (F 5.2 » 1H » F 5.2 »5H ) YO = F5.2,4H YN = F 5 .2, 
1 I4HDYO=0,DYN=0 N=I5*3H K=F5.2/)M f\| — X
C NOTICE THF CHANGE IN H FOR THE SAME SIZE MATRIX
H = N + 2
r
H=(XF-\0,/H
HS = H-K-H*H 
DO 5 I=1,M
DO 5 J=1,M 
5 A I , j ; = 0 .
DO 10 I--1,M
10 All,I)=6.
DO 20 1=2,M 
At f— 1 , I != — 4 #
20 A ’. — 4»
no 21 1=3,M
A(I-2,I)=1.
21 A ■; I , I - 2 . = 1 .
PUNCH 149
149 FORMAT t 12H MATRIX A IS)
DO 25 J=1,M
PiJNCH 102 , ( A ( I , J ) , I=1,M)
PUNCH 105 
25 CONTINUE
102 F O R M A T ( 10E8.5)
r
C NOW WE FILL THF VECTOR B
r
DO 30 1 = 1 ,M
X I = I
30 8(1,1; =H3*F i XO + X I* H ,
R 1 , 1 , = 9 f 1 , 1 1 - r 0 
R (M ,1 , =R(M,1 ,-YN
PUNCH 150
150 FORMAT'16H THF vE"TOR « lb/
PUNCH 102, ("( 1,1 ) , I -- 1 ,M j
CALL MAT N V /■' ,'■■1.9,1 . r- r T , [ 9 )
c < ■'! ; 1 |i-n ON NEXT PAGE
— 4 3
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c
r IF THF MATRIX IS SINGULAR IFS WILL BF 0r
IF( IFS I24,22,24 
72 PRINT 10-5
103 f o r m a t (/??X,?3H THE MATRIX 15 SINGULAR)
GO TO 1
74 P u n c h  i o 4,d f t
104 F O R M A T (/17X,?0H THE DETERMINANT IS Ell.5)
H3 = H34clOO.
DO 45 I=1,M
DO 4 5 J=1,M
45 A(I,J)=A(T,J;*H3 
PUNCH ISl
151 FORMAT(ASM THF MATRIX A**-l TIMES 100*H**3 IS)
C
r THIS I S  THF OUTPUT U S ^ n  IN PART ?
r
DO 50 j = l ,M
P U N C m ; H 7  ,  ( a ( t . J i .  I = I  * M )
20? FORMAT 1OFR.6)
PUNCH 105 
50 CONTI NUE
C
PUNCH 152
152 f o r m a t v25H Y»THE SOLUTION VECTOR IS) 
P ü NGH in2,{Riî.l),l=I»M)
GO TO I 
END
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c EXAMPlF 1-2 PART 2
r D**4Y = F(X)» YO = YN = DYO = DYN = 0 .
r grFFN'S FUNCTION rOMPARFO TO THF INVERSE
C PROGRAMMED BY DARREL CHOATE FOR DR. ROBERT BANAUGH
C JAN. 70» 1967
D I M f n SION B(39»39)
C THE A IS A SAMPLING OF THE GREEN'S FUNCTION
C B IS THE INVERSE OF A MATRIX CALCULATED IN PART 1
DIMENSION IDCSO)
READ 301»ID 
301 F O R M A T (4 0 A 2 )
1 READ 100,N, XO,XF 
100 F O R M A T { I 5 » 7E14.8)
PUNTH 4 0 1 , ID 
401 FORMAT I40A7/)
D = M + 7
D F L T A X = {XF-XO)/D 
PUNCH 601» DELTAX »XO»XF 
601 F O R M A T (8H DFLTAX = F6 . 4 » 14H INTERVAL IS (F4 . 1 » 1H » F4,1 , 1H ) /)
N = N-1
DO 30 I= 1 »N
READ 1 10 » t B t I ,J ) »J = 1 ,N)
30 r e a d  102, B l a n k  
110 F O R M A T '10F 8.6)
PUNCH 116 
116 F O RM A T t 4 X » 1H X » 9 X »I H T ,4 X»
1 46HGRFFNS FNT ESTIMATE ERROR PERCENT ERROR)
READ 701 »M0,T NO 
201 F O R M A T (716)
XO=XO+DFLTAX
NOO=NO
DO 10 j=NO»N,INC
J J = u 
D=J
X=XO+D*DELTAX 
DO 7 0 I=NOO,JJ,TNC 
D= I
T = X0 + D-«-DFLTAX
C THF inn IN THF FRONT OF THIS EQUATION IS NOT PART OF
C THE G R E E N 'S FUNCTION. WE MULTIPLY BY 100 IN ORDER TO
r STAY IN 'F ' FIELDS IN OUTPUT
A=100.*(T *{X-1.))**7*(2.*T*X+T-3.*X)/6.
C NOTE.... THIS ERROR IS REALLY 100. TIMES TOO BIG
ERR0R = APSF (A + R ( I »J) )
PERCER^ERROR*10 0./A 
B ( I »J , (  I »J )
20 PUNCH 10?»X»T»A , B(I,J )»ERROR,PERCER
102 F O R M A T .2FB.4»4F10.4 j 
10 CONTINUE 
GO TO 1 
END
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D I F F F R F N T I A L  E Q U A T I O N  I S  Y * * ( 4 )  = F ( X )  * * ( 4 )  M E A N S
4TH DERIVATIVE, BOUNDARY CONDITIONS ARE YO=YN=DYO=DYN=0 
DFLTAX= .1666 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
3333 .3333 -.3657 -.1851 .1806 -49.3750
4999 .3333 -.3858 -.1851 .2006 -52.0000
4999 .4999 -.5208 -.3240 .1967 -37.7778
6 6 6 6 .3333 -.2514 -.0925 .1588 -63.1820
6 66 6 .4999 -.38 5 8 -.1851 . 2006 -52.0000
6 666 .6666 -.3657 -.1851 .1806 -49.3750
DIFFFRFNTIAL EQUATION IS Y * * (4) F ( X ) **(4) MEANS
4TH DERIVATIVE, BOUNDARY CONDITIONS ARE YO=YN=DYO=DYN=0 
DELTAX= .08?3 INTERVAL IS ( 0.0, 1,0)
X T GRFENS FNT ESTIMATE ERROR PERCENT
. 3 8 3 3 .3333 -.3657 -.2651 . 1006 -27.5143
.4999 .  3 3 3 3 -.3858 -.2788 .1069 -27.7275
.4999 .4999 -.5208 -•4077 .1131 -21.7174
.6666 . 3 3 3 3 -.2514 -.1662 .0852 -33.8949
.6666 .4999 -.3858 -.2788 .1069 -27.7275
• 6666 . 6 6 6 6 — .3657 -.2651 . 1006 -27.5143
.8333 . 3 3 3 3 -.0828 -.0368 .0460 -55.5649
.8333 .4999 -.1350 -.0657 .0692 -51.2992
.8333 . 6 6 66 1486 -.0736 .0749 -50.4372
.8333 .8333 -.0893 -.0394 .0498 -55.8182
DIFFFRFNTIAL EQUATION IS Y * * (4) = F(X) *#(4) MEANS
4TH DERIVATIVE, BOUNDARY CONDITIONS ARE YO=YN=DYO=DYN=0 
q f l TAX= .0416 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.3333 .3383 “ . 3657 -.3122 .0535 -14.6463
.4999 .3333 -.3858 -.3302 .0555 -14.4031
.4999 .4Q9Q -.5208 -.4601 .0607 -11.6556
.6666 .8383 -.2814 -.2073 .0441 -17.5512
.6666 . 490Q -.385 8 -.3302 .0555 -14.4033
.6666 .6666 -.8657 -.3122 .0535 -14.6463
.8333 .  8 3 8 ? — . 0 8 2 8 -.0588 .0240 -29.0012.8333 . 4 9 9 9 -.1350 -.0996 .0353 -26.1657
.8338 . 6 6 6 6 -.1486 -.1103 .0382 -25.7335
.8333 .8833 -.0893 — .0624 .0268 -30.0462
51-
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<" FXAMPLF 1-2 PART 1
C FFCOND ORDFR APPROXIMATION TO Y*'**
r Y » * 4 •= F (X )
r Y {0}= Y ( 1 ) = Y M 0 ) = y * ( 1) = 0.
D I M F N S I O N A (33*33) ,R(33*1 ) , I R O W (33) »J C O L (33)
COMMON A , B *IROW,JCOL
C
r H = (X F - X O )/N
C
1 REAP 101,XO,XF*YO*YN*XK*N
101 f o r m a t (FFlA. 3* I 3)
PilMCH ins
105 f o r m a t (IH )
PUNCH 1 10,XO»XF*YO,YN*N*XK 
110 F O R M A T (IIH INTERVAL (F 5 .2 , 1H »F 5 .2 *5 H ) Y0 = F5.2 *4H YN = F5.2, 
1 t a h OYO^O*DYN=0 N=I5,3H K = F 5 .2/)
M = N -r 1
C NOTICE THE CHANGE IN H FOR THE SAME SIZE MATRIX
H=N + 2
C
H = (X F - X O )/H
HS=:H*H^«-H 
nn 5 i-i,M 
no 3 j-i,M 
5 A (I ,J )=0.
DO 10 I=1*M
10 A { I * I)=6.
DO 20 I=2,M
A ( I-l * I )=-4.
20 A ( I *1— 1/=—4»
DO 21 I=3,M
A { I-2 * I) =1 .
21 A (I,1-2)=1.
A (1,1,=12.
A (1,2)=-6.
A (1,3)=1.??39333 
A (M , M )=12.
A(M»M — 1 )= — 6»
A{M*M-2;=1,333333^
PUNCH 14P 
149 F O R M A T (12H MATRIX A IS)
DO 2 5 J=l,M
PUNCH 102, (A (J, I ) ,I=l*M )
PUNCH 105 
25 CONTINUE
102 F O R M A T (10 F 8 .4)
CALL MATMV(A,M,R,n,nFT,IFS)
r
r IF THP MATRIX IS SINGULAR IFS WILL RP 0
C
IF(T E S )24*22,24
22 PRINT 103
103 F O R M A T (/22X,23H THE MATRIX IS SINGULAR)
C CONTINUED ON NEXT PAGE
-52 —
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GO TO 1 
24 PUNCH 104,DFT 
104 F O R M A T (/17X,20H THE DETERMINANT IS Ell.5) 
H3=H3*100.
DO 45 1=1,M 
DO 45 J=1,M 
45 A (I ,J )= A {I ,J)*H3 
PUNCH 151
151 F O R M A T (36H THE MATRIX A**-l TIMES 100*H**3 IS)
C
C THIS IS THF OUTPUT USED IN PART 2
r
C
DO 50 J=1,M
PUNCH 202, (A( I ,J) ,1=1 ,M) 
202 F O R M A T {10F8.6)
PUNCH 105 
50 CONTINUF
GO TO 1 
END
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r FXAMPLF 1-2 PART
r FFrONn OPDFR APPROXIMATION TO Y*'**
r Y * » • •= F (X )
r GRFFN « F FUNrTION rOMPARFO TO THF INVFRSF
C PROGRAMMED BY DARREL CHOATE FOR DR. ROBERT BANAUGH
C JAM. 20, 1967
d i m e n s i o n  B{75,25)
C THE A IS A SAMPLING OF THE GREEN'S FUNCTION
C B IS THE INVERSE OF A MATRIX CALCULATED IN PART 1
DIMENSION ID(80)
READ 301 ,ID 
301 F O R M A T ( 40 A2 )
1 READ 100»M»XO»XF 
100 F O R M A T ( I 5 ♦ 3F14 . a )
PltNGH 401 , I D 
401 F O R M A T (4 0A 2 /)
D = N
D F L T A X = (XF-XO)/D 
PUNCH SOI, DELTAX,XO,XF 
501 F O R M A T (8H DFLTAX = F 6 .4 , 14H INTERVAL IS (F 4 .1,1H , F 4 .1,1H )/) 
N = N — 1
DO 30 1=1,N
READ 1 10,(B ( I ,J ) ,J = 1 ,N)
30 READ 102, BLANK 
110 F O R M A T (10F8.6)
34 PUNCH 115 
115 F O R M A T (4 X ,1H X , 9 X ,I H T , 4X ,
1 43HGRFFNS FNT ESTIMATE ERROR PERCENT ERROR)
I Mr = N/s 
NO=INC
DO 2 0 I=NO,N,INC 
D = I
X=D*DFLTAX
J J=I
DO 20 J=NO,JJ,INC
D = J
T = n>*DELTAX
r THF loo IN THE FRONT OF THIS EQUATION IS NOT PART OF
C THE GRFFM'S FUNCTION. WE MULTIPLY BY 100 IN ORDER TO
r STAY IN *F« FIELDS IN OUTPUT
A=lOO.*(T * ( X - 1 .))**?*(2.*T*X+T-3.*X)/6. 
r NOTE.... THIS ERROR IS REALLY lOO. TIMES TOO BIG
ERROR = ABSF(A + B t I ,J) )
PFRCER=FRROR*100./A 
B ( I ,J )= - B ( I , J )
20 Pu n c h  i o 2, x ,t ,a ,r ( i ,j ), e r r o r  ,p e r c e r
102 F O R M A T (2F 8. 4, 4F 10 .4 )
GO TO 1 
END
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2ND ORDER APPROX. FOR DIFFERENTIAL EQUATION Y**(4) = E(X)
WITH INITIAL CONDITIONS Y 1 =YN = Y 1'=Y N »=0 
DELTAX= .1666 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT e s t i m a t e ERROR PERCENT
.1666 . 16 6 6 -.0893 -.0803 .0089 -10.0005
.3232 . 1666 — . 148 6 -.1607 .0121 -8.1724
.4999 .16 66 -.1350 — .1414 .0064 —4.7612
.6666 . 1666 -.0828 -.0835 .0007 -.8613
.8333 .16 66 -.0264 — .0160 .0103 -39.1895
.3333 .2333 -.3657 -.4115 .0457 -12.4998
.4999 .3333 -.3858 -.4115 .0257 -6.6664
.6666 . 2333 -.2514 -.2572 .0057 -2.2724
.8332 .2333 -.0828 -.0514 .0314 -37.9314
.4999 .4909 -.5208 -.5787 .0578 -11.1109
•  6666 .4990 -.3858 -.4050 .0192 -4.9998
.8332 .4999 -.1350 -.0868 .0482 -35.7147
.6666 .6666 -.3657 -.4115 .0457 -12.4997
.8332 .6666 — . 1486 -.1028 .0457 -30.7696
.8232 , 8 2 3 3 -.0893 — .08 03 .0089 -10.0006
2ND ORDFR APPROX. FOR DIFFFRFNTIAL FQUATION Y**(4) 
WITH INITIAL CONDITIONS Y 1 -YN = Y 1 • = Y M *=0 
DFLTAX= .OR 22 INTERVAL IS ( 0.0, 1.0)
F ( X )
X T GREENS FNT E S T IMATE ERROR PERCENT
.166 6 • 1 666 -.0893 -.0937 .0044 -4.9995
.3333 .16 66 -.1486 -.1516 .0030 -2 .0427
.4999 .16 66 -.1350 — . 13 6 6 .0016 -1.1901
.6666 .16 6 6 -.0828 -.0830 .0001 -.2146
.8328 .16 6 6 -.0264 -.0251 .0012 -4.7309
.3333 . 3 3 3 3 -.3657 -.377? . 0 ]. 1 4 -3 .1247
.4999 ,  2 2 3 3 -.3858 -.3922 .0064 -1 .666 5
.6666 .3233 -.2514 -.2529 .0014 -.5677
.8333 .3333 -.0828 -.0792 .0035 -4.3113
.4999 .4999 -.5208 -.5353 .0144 “2.7775
.6666 .4999 -.3858 -.3906 .0048 -1.2497
.8333 , 4 9 9 9 -.1250 -.1302 .0048 -3 .5717
.6666 . 6 6 6 6 -.3657 -.3772 .0114 —3.1246
.8333 . 6 6 6 6 -.I486 -, 1457 .0028 -1.9235
.8333 .8333 -.0893 -, 0937 .0044 -4,9994
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2ND ORDER APPROX. FOR DIFFERENTIAL EQUATION Y**(4 ) = FIX)
WITH INITIAL CONDITIONS Y 1 =YN = Y 1 '=Y N »=0
DELTAX: 0416 INTERVAL IS ( 0.0* 1.0)
X T GRFENS FNT ESTIMATE ERROR PERCENT
. 1 66 6 . 1666 -.0893 -.0904 .0011 -1.2494
.3030 . 1666 -.1486 -.1493 .0007 -.5098
.4999 . 1666 -.1050 -.1354 .0004 -.2963
.6 666 . 1666 -.0828 -.0829 0.0000 -.0517
.8333 . 1666 -.0264 -.0261 .0003 -1.1863
.3330 . 0303 -.3657 — .3686 . 0028 -.7802
.4999 .3333 -.3858 -.3874 .00 16 -.4150
• 666 6 .3333 -.28 14 -.2518 .0003 -.1403
.8330 . 0 0 3 0 -.0828 -.0819 ,0008 -1.0800
.4999 . 4909 -.5208 — .5 244 .0036 -.6930
.6666 .4900 — .0858 “ .3870 .0011 -.3108
.8300 .4900 -.1050 -.1308 .001 2 -.8952
.6666 .6666 — .3857 — .3686 .0028 -.7796
.8330 .6666 — * 14 8 6 -.1478 .0007 -.4827
.8333 .8333 -.0893 -.0904 .0011 -1 .2483
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r FXAMPLF 1-3 PART 1
r Y*» + K**?*Y = F(X)» Y(0) = Y ( 1 ) , Y « ( 0 ) = Y M l )
C MINIMUM MATRIX IN THIS CASF IS 4 X 4
DIMENSION A (40,40) ,B<40*1 ) , I R O W (40) , J C O L (40)
COMMON A,B,IROW,JCOL
C
C N IS THF NUMBER OF INTERVALS
C N-1 IS THE DIMENSION OF A
C H = (XE-XO)/N
C
1 READ 1 0 1 ,XO,XE,XK,N
101 F O R M A T (?F14 .S ,IS )
PUNCH 1 OR
105 FORMAT(IH )
PUNCH 110,XO,XE,N,XK 
110 FORMAT(I OH INTERVAL (E 5 .2 *I H ,F 5 .2,I H ) ,2 4 H Y (0)=Y (1 )» 
1DY(0)=DY(1 ) ,N=I5,3H K=F5.2/)
M = N+1 
H = N
H = (X F - X O )/H
DO  ̂ I- ] ,M 
DO 5 J=1,M 
5 A (I,J )=0.
S=-2.+H*H*XK*XK
DO 10 I= 1 ,M 
10 A ( I,I )= F 
A (1,1)=1.
A (M,M) -1 ,
A ( 1 , M ) = -1 .
A ( M , 1 , = 1 .
DO 20 1=2,M
A ( î — 1,1 ,=1*
2 0 Ai I ,I“ 1 )= 1 .
A (M , 2 )=-l.
A ( M ,M-I ; =-l .
A (1,2 5 =0.
PUNCH 149 
149 F O R M A T (12H MATRIX A IS)
DO 2 5 J=1,M
PUNCH 2 02 , (A (J , I ) , I= 1 ,M)
PUNCH 105 
25 CONTINUE
102 F O R M A T (10E8.5 )
C
C NOW WF FILL THE VECTOR B
C
S = H*H
DO 30 1=1,M
X I = T
30 B (I,1)= S * E (XO+XI*H)
B (I ,11=0.
B (M,1)=0,
PUNCH 150
C CONTINUED ON NFXT PAGE
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150 F O R M A T (16H THE VECTOR B IS)
PUNCH 1 02 » (R( I*1 ) » 1 = 1 »M)
CALL MAINV(A»M,B,1,DET»IFS)
C
C IF THE MATRIX IS SINGULAR IFS WILL BE 0
C
I F (I F S )24,22,24 
22 PRINT 103
103 F O R M A T (/22X,23H THE MATRIX IS SINGULAR)
GO TO 1
24 PUNCH 104,DFT
104 F O R M A T (/17X,20H THE DETERMINANT IS Ell.5) 
DO 45 1 = 1,M
DO 45 J =1 ,M 
45 A( I,J )=A( I ,J)*H 
PUNCH 151
151 F O R M A T (20H THE MATRIX A**-l IS)
C
C THIS IS t h e  OUTPUT USED IN PART 2
C
DO 50 J=1,M
PUNCH 202,(A (J,I ) ,I=1 ,M)
202 F O R M A T (5 F 1 6. 8)
PUNCH 105 
50 CONTINUE
C
PUNCH 152
152 F O R M A T (25H Y,THE SOLUTION VECTOR IS)
PUNCH 102, (B( I ,1) ,1=1 ,M)
GO TO 1 
END
-SB-
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
c EXAMPLE 1-3 PART 2
C D**?Y+K**2*Y=F» YO=YN,DYO=DYN
C GREEN « S FUNCTION COMPARED TO THE INVERSE
C PROGRAMMED BY DARREL CHOATE FOR DR. ROBERT BANAUGH
C FEB. 1967
d i m e n s i o n  B(39,39) 
r THE A IS A SAMPLING OF THE GREEN'S FUNCTION
C B I S  THE INVERSE OF A MATRIX CALCULATED IN PART 1
DIMENSION ID(80)
READ S O I ,ID 
301 F O R M A T (4 Û A 2 )
1 r e a d  100,N,XK,XO,XF 
100 FORMAT ! I 5 ,3E14.8 )
PUNCH 4 0 1 , ID 
401 F O R M A T {4 0A 7/)
D = N
OFLTAX=f XF-XO)/D
PUNTH SO],XK,DELTAX,XO,XE
501 FORMAT(2HK = F6.2/8H DELTAX = E 6 .4 , 14H INTERVAL IS (E4.1, 
1 1H,E^.1,1H)/)
NN=N+1 
N = N-1
DO 3 0 1=1,NM
READ 110 , tB( I ,J ) , J=I ,N N)
30 READ 102, BLANK 
110 F O R M A T (5F16.8)
PUNCH 115 
115 FORMAT(4X,1HX,9X,1HT,4X,
1 43HGREENS FNT ESTIMATE ERROR PERCENT ERROR)
READ 201, NO,INC 
2 01 F O R M A T (215)
NOO=NO
DO 10 j=NO,N ,INC 
J J-J 
D = J
X = D*DFLTAX 
DO 20 I=NOO,JJ,INC
D=I
T = D*DELTAX
A = -COSE(XK*(T -X + . 5 ) ) / {-2.*XK*SINF(X K * . 5 )) 
ERROR = A R S E (A - B ( T + 1 , J+] ) )
PERCER =FRROR*100./A
20 PUNCH 102,X,T,A,R( 1+1 ,J+1),ERROR,PERCER 
102 f o r m a t (2E R. 4, 4F 10 .4 )
10 CONTINUE 
GO TO I 
END
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DIFFERENTIAL EQUATION IS Y**(2)+K*K*Y=F(X)
BOUNDARY CONDITIONS ARE INDEFINITE... YO = YN, DYO = DYN
K= 1.00 
HFLTAX= 2000 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 -.9152 -1 . 1628 .2476 -27.0531
.4000 .2000 -.9963 “ 1.2546 .2583 -25.9302
.4000 .4000 -.9152 -1.1836 .2684 -29.3286
.6000 .2000 -1.0377 -1.2963 .2586 -24.9237
.6000 .4000 — .9963 -1 .2653 .2689 -26.9967
.6000 .6000 -.9152 -1.1836 .2684 -29.3286
.8000 .2000 -1.0377 -1.2861 .2484 -23.9407
.8000 .4000 -1 .0377 -1.2963 .2586 -24.9237
.8000 .6000 -.9963 -1.2546 .2583 -25.9302
.8000 .8000 -.9152 -1 . 1628 .2476 -27.0531
DIFFERENTIAL EQUATION IS Y**(2)+K*K*Y=F(X)
BOUNDARY CONDITIONS ARE INDEFINITE. YO = YN, DYO = DYN
K= 1.00 
DELTAX= 1000 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
2000 .2000 -.9152 -1 .0254 .1101 -12.0361
4000 .2000 -.9963 -1.1111 . 1 148 -11.5267
4000 .4000 -.9152 -1.0346 . 1 194 -13.0508
6000 .2000 -1.0377 -1.1526 . 1 149 -11.0740
6000 .4000 -.9963 -1.1159 .1195 -12.0023
6000 .6000 -.9152 -1.0346 .1194 -13.0508
8000 .2000 -1.0377 -1.1480 .1103 — 10.6356
8000 .4000 -1 .0377 -1.1526 .1149 -11.0740
8000 .6000 -.9963 -1.1111 . 1148 -11.5268
8000 .8000 -.9152 -1.0254 .1101 -12.0361
DIFFFRFNTIAL EQUATION IS Y**(2)+K*K*Y=F(X)
BOUNDARY CONDITIONS ARE INDEFINITE... YO = YN, DYO = DYN 
K= 1.00
DFLTAX= .0500 INTERVAL IS ( 0.0, 1.0)
X T GRFENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 -.9152 — .9674 .0522 -5.7091
.4000 .2000 -.9963 “ 1.0507 .0544 —5.4648
.4000 .4000 -.9152 -.9719 .0566 -6.1912
.6000 .2000 - I .0377 -1.0921 .0544 -5.2486
.6000 .4000 -.9 06 3 -1.0530 .0566 -5.6907
.6000 .6000 -.9152 -.9719 .0566 -6.1912
.8000 .2000 -1.0377 -1.0900 .0523 -5.0403
.8000 .4000 -1.0377 -1.0921 .0544 -5.2486
.8000 .6000 -.9963 “ 1.0507 .0544 -5.4648
.8000 .8000 -.9152 -.9674 .0522 -5.7091
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d i f f e r e n t i a l  e q u a t i o n  i s  Y * * ( 2 ) + K * K * Y = F ( X )
b o u n d a r y  c o n d i t i o n s  a r e i n d e f i n i t e ... YO = YN, DYO = DYN 
K= 2.50
DELTAX= .2000 INTERVAL IS ( 0.0, 1.0)
X T GRFENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 — .0664 -.0992 .0328 -49.4213
.4000 .2000 -.1542 -.2023 .048 1 -31.2165
.4000 .4000 — .0664 -.1255 .0590 -88.8911
.6000 .2000 -.2041 -.2548 .0506 -24.7802
.6000 .4000 — .1542 -.2173 .0631 -40.9363
.6000 .6000 — .0664 -.1255 .0590 -88.8911
.8000 .2000 -.2041 -.2435 .0393 -19.2752
.8000 .4000 -.2041 -.2548 .0506 -24.7802
.8000 .6000 -.1542 -.2023 .048 1 -31.2165
.8000 .8000 — « 0 6 6 4 -.0992 .0328 -49.4213
DIFFFRFNTIAL FOLIATION IS Y**( 2 )+K*K*Y=F ( X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO = Y N , DYO = DYN 
K= 2.50
DELTAX= .1000 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 . 2 000 - .0664 -.0819 .0154 -23.2499
.4000 .2000 1542 -.1757 .0215 -13.9655
.4000 .4000 — .0664 -.0937 .0273 -41.1432
.6000 .2000 — .2041 -.2263 .0221 -10.8357
.6000 .4000 -.1542 -.1825 .0283 -IS .3621
.6000 .6000 — .0664 -.0937 .0273 -41.1432
.8000 . 2000 -.2041 -.2212 .0170 -8.3326
.8000 .4000 — .2041 -.2263 .0221 -10.8357
.8000 .6000 -.1542 -.1757 .0215 -13.9655
.8000 .8000 — .0664 -.0819 .0154 -23.2499
DIFFERENTIAL EQUATION IS Y**(2)+K*K*Y=E(X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO = Y N , DYO = DYN 
K= 2.50
DFLTAX= .0500 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 — .0664 -.0740 .0075 -11.3705
.4000 .2000 -.1542 — .1644 .0102 -6.6585
.4000 .4000 — .0664 -.0797 .0132 -20.0130
.6000 .2000 -.2041 — .2146 .0104 -5.0999
.6000 .4000 -.1542 -.1677 .0135 —8 .7 809
.6000 .6000 -.0664 -.0797 .0132 -20.0130
.8000 .2000 -.2041 -.2121 .0079 -3.8900
.8000 .4000 -.2041 -.2146 .0104 -5.0999
.8000 .6000 -.1542 — .16 4 4 .0102 -6.6585
.8000 .8000 — .0664 — .0740 .0075 -11.3705
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d i f f e r e n t i a l  e q u a t i o n  i s  Y * * ( 2 ) + K * K * Y = F ( X ]
BOUNDARY CONDITIONS ARE INDEFINITE... YO = YN, DYO = DYN
K= 3.10 
DELTAX= ?000 interval is ( 0.0 , 1.0 )
X T GREENS FNT EST IMATE ERROR PERCENT
.2000 .2000 -.0033 -.0180 .0146 -437.7457
.4000 . 2000 " e 0 Q 6 4 -.1300 .0335 -34.8123
.4000 .4000 -.0033 -.0490 .0456- 1361 .8269
.6000 .2000 -.1536 -.1920 .0383 -24.9851
.6000 .4000 “-.0964 -.1492 .0527 -54.7076
.6000 .6000 -.0033 -.0490 .0456- 1361.8269
.8000 .2000 -.1536 -.1802 .0265 -17.2967
.8000 .4000 -.1536 -.1920 .0383 -24.9852
.8000 .6000 -.0964 -.1300 .0335 -34.8123
.8000 .8000 -.0033 -.0180 .0146 -437.7460
DIFFFRFNTIAL EQUATION IS Y**(2)+K*K*Y=F(X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO = YN, DYO = DYN
K= 3.10 
DELTAX= 1000 INTERVAL IS 0.0 , 1.0 )
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 -.0033 — .0114 .0081 -241.5037
.4000 . ̂ 000 -.0964 -.1116 .0152 -15.7768
.4000 .4000 -.0033 -.0256 .0222 — 6 6 4.3532
.6000 .2000 -.1536 -.1699 .0163 -10.6356
.6000 .4000 — .0964 — . 12 0 3 .0239 -24.8290
.6000 .6000 -.0033 -.0256 .0222 — 6 6 4.3529
.8000 .2000 -.1536 -.1645 .0108 -7.0850
.8000 .4000 —  f, 15 3 6 -.1699 .0163 -10.6356
.8000 .6000 -.0964 -.1116 .0152 -15.7768
.8000 .8000 -.0033 -.0114 .0081 -241.5037
DIFFERENTIAL EQUATION IS Y**(2 )+K*K*Y=F(X)
BOUNDARY CONDITIONS ARE INDEFINITE... YO = YN, DYO = DYN 
K= 3.10
DFLTAX= .0500 INTERVAL IS ( 0.0, 1.0)
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 -.0033 -.0076 .0042 -126.7031
.4000 .2000 — .0964 -.1037 .0073 -7.6008
.4000 .4000 -.0033 -.0145 .0111 -333.3549
.6000 .2000 — . 15 3 6 -.1612 .0076 -4.9513
.6000 .4000 — .0964 -.1080 .0115 -12.0187
.6000 .6000 -.0033 -.0145 .0111 -333.3546
.8000 .2000 -.1536 -.1585 .0049 -3.2 123
.8000 .4000 — .1536 -.1612 .0076 -4.9513
.8000 .6000 -.0664 -.1037 .0073 - 7 .6008
.8000 .8000 -.0033 — .0076 .0042 -126.7031
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D I F F F R F N T I A L  F Q U A T  T O N  I S  Y * * ( 2 ) + K * K ^ Y = F ( X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO = Y N , DYO = DYN 
K = 5.00
DELTAX= .2000 INTERVAL IS ( 0.0» 1.0)
X T GREENS FNT EST IMATE ERROR PERCENT
.2000 .2000 .1338 .2000 .0661 49.4044
.4000 .2000 “ . o n e 0 .0000 .0118 “ 100,0000
.4000 .4000 .1038 . 1000 .0338 25.2977
.6000 .2000 ” 4» 14-66 -.2000 .0533 -36.3910.6000 .l OOO -.0118 . 1 0 0 0 .088 1 — 746.0501
.6000 .6000 .1338 .1000 .0338 25.2977
.8000 .2000 “ .14 6 6 -.2000 .0533 -36.3910
.8000 .4000  ̂. 14 6 6 “ .2000 .0533 “ 36.3910
.8000 .hOOO “ .0118 0.0000 .0118 -100,0000
.8000 .8000 .1338 .2000 .0661 49,4044
d i f f e r e n t i a l . EQUATION IS Y** ; 2 )+K*K*Y = F ( X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO = Y N , DYO = DYN 
K = 5.00
DELTAX^ .1000 INTERVAL IS ( 0.0» 1.0)
X T GREENS FNT E S T IMATE e r r o r PERCENT
.2000 .2000 .1338 .1460 .0122 9.1381
.4000 .2000 -.0118 -.0126 .0007 -6.6 103
.4000 .4000 .1338 .1013 ,0325 24,2996
.6000 .2000 “ .14 6 6 -.1594 .0128 -8.7623
.6000 .4000 ■ .0118 -.0547 .0429 -363.0375
.6000 .6000 .1338 .1013 .0325 24.2996
.8000 .2000 “ .1466 -.1568 .0102 -6.9667
.8000 .4000 “ .14 66 -.1594 .0128 “8.7624
.8000 .6000 -.0118 -.0126 .0007 -6.6103
.8000 .8000 .1338 . 1 460 .0122 9.1381
DIFFERFMTIA l EQUATION IS Y** I 2 / +K*K^«-Y= F t X )
BOUNDARY CONDITIONS ARE INDEFINITE... YO YN » DYO DYN
K= 5.00 
DELTAX= .0500 i n t e r v a l  IS 0 .0 » 1.0 )
X T GREENS FNT ESTIMATE ERROR PERCENT
.2000 .2000 .1338 .13 6 6 .0027 2.0781
.4000 .2000 “ » Ü 1 18 -.0131 .0013 “11.32 04
.4000 .4000 .1338 .113 0 .0207 15.5231
.6000 .2000 - . 1 4 6 6 -.1508 .0041 -2 .8435
.6000 .4000 -.0118 — , 0 3 5 0 ,0232 -196.5540
.6000 .6000 . 1338 .1130 .0207 15.5231
.8000 .2000 — . 14 6 6 -.1491 .0025 “ 1.7060
.8000 .4000 -.1466 -.1508 .0041 -2.8435
.8000 .6000 -.0118 “ .0131 .0013 “ 1 1 .3203
.8000 .8000 .1338 .1366 .0027 2.0781
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FUNCTION F (A )
F=1 ,
RETURN
END
SUBROUTINE MAINV(A,M*B»N»DET*IFS)
DIMENSION A(33,33) ) * I R O W (33) ,J C O L (33)
COMMON A ,B9IROW»JCOI
c i n i t i a l i z a t i o n
C
1 DO 2 I »M 
I ROW(n  =0
2 JCOLI I )=0 
DET = 1 .0 
IFS=1
DO 23 K=1»M 
C FIND THE PIVOT ELEMENT
C
3 PIVOT=0.
DO 8 J=1»M
IF 1JCOLIJ) )8,4,8
4 DO 7 1 = 1 »M
I F I. I ROW I ) ) 7 9 5 » 7
5 X = ABSF i A ( I »J i }
IF(X-PIVOT)7,6,6
6 PIVOT=X 
JP = J 
IP= I
7 CONTINUF
8 CONTINUE
C TEST TO SEF IF MATRIX IS SINGULAR
C
PIVOT = A t IP 9J P /
DET=DET*PIVOT 
IFIPIVOT)10,9,10
9 IFS=0
RETURN
C REMEMBER LOCATION OF THE PIVOT ELEMENT
C
10 I R O W ( IP)=JP
J C O L (JP Î = IP
C a r i t h m e t i c  OPERATIONS ON PIVOTAL COLUMN
C
A ; IP9jPj = l.0/PIVOT
DO 12 1 = 1 9M
I E (I-IP,11,12,11
11 At I 9j P ) = - A ( I 9JP ) /PIvOT
12 CONTINUE
C ARITHMETIC OPERATIONS ON OTHER COLUMNS OF (A)
C
DO 17 J=lfM
IE t J-J P )1 3 9 17 9 1 3
13 I F ( A ( I P 9 J j )14917,14
C CONTINUED ON NEXT PAGE
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14 A L P H A = A (I P ,J )
A (IP»J)“ALPHA/PIVOT
DO 16 1=1*M
I F(I - I P )15,16*15
15 A( I »J)=A( I ,J)+ALPHA*A( I *JP)
16 CONTINUE
17 CONTINUE
C a r i t h m e t i c  o p e r a t i o n s  o n t h e  c o l u m n s  o f (B)
C
IF(N) 18*23,18
18 DO 22 J=1*N 
IF(R(IP*J))19*22,19
19 A L P H A = B (IP ,J )
R\IP*J)=ALPHA/PIV0T
DO 21 1=1,M
IF i I - I P )20,21 *20
20 Bt I *J ) = B ( I *J )+ A L P H A * A ( I ,J P )
21 c o n t i n u e
22 CONTINUE
23 CONTINUE
C ROW PERMUTATIONS
C
DO 30 K=1,M 
2 4 1=1 R O W (K )
IF(I"K125,30,25
25 D ET =“DFT
DO 2 6 J=1*M 
TFMP = A ( I *J )
A ( I , V ̂ = A ( K , J )
26 AIK ,J')=TEMP 
IF{N )27,29,27
27 DO 28 J=1,N 
TEMP i I *J ,
B* 1 ,ji-BiK*J)
28 BtK,u)=TEMP
29 IROW(K } = IROW( n  
I ROW I I t-1
GO TO 24
30 CONTINUF
C COLUMN PERMUTATIONS
C
DO 34 K=1*M
31 J=JCOL(K)
IF!J-K)32,34*32
32 DO 33 I=1*M 
T E M P = A (I,J )
A ( I *J i = A { I ,K )
33 A(I,K)=TEMP 
J C O L (K )= J C O L (J 3 
J C O L (J )=J
GO TO 31
34 CONTINUF 
RETURN 
END
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c CHAPTER 3 PART 1
DIMENSION A{33*33)*B(33*1)»ID{40)»IR O W (33),J C O L (33) 
COMMON A,B,IROW,JCOL
READ 301»ID
301 F O R M A T (4 0 A 2 )
1 READ 100,N
100 F O R M A T (15)
PUNCH 302 ,ID
302 F O R M A T (/ 4 0 A 2 / )
READ 101,AM,XO,XF
C LAMBDA IS AM
H=N
H = ( X F - X O )/(H - 1 .)
C h =1/N-1
PUNCH 311,AM 
311 F O R M A T (7HLAMBDA=F6.2)
PUNCH 201,H ,XO,XF
2 01 F O R M A T (7HDELTAX = F 1 0 . 7 ,6X,9HINTERVAL(F4- 1 , 1H ,F 4 ,1 , 1H ) ) 
AM=“AM*H 
DO 10 Î=1,N
XI=I-1
10 B (I,1)= F (xo+xI*H)
DO 20 I= 1 ,N 
X I -=I -1 
XX-XO+XI*H 
DO 20 J = 1 ,N 
XJ=J-1 
TT=XO+XJ*H 
20 A (I,J ,= A M * X KK (X X , T T )
DO 25 I=I,N 
A(I,1)=A(I,1)*.5
25 A (I ,N f = A ( I ,Ni*.5 
DO 30 I = 1 ,N
30 A ( I , I)-A(I,I)+l.
PUNCH 149 
149 F O R M A T (12H MATRIX A IS)
DO 40 1=1,N 
40 PUNCH 101, (A ( I,J ) ,J = 1 ,N)
101 F O R M A T {5E16.8)
CALL M A I N V (A , N , B ,1,DET,I FS )
I F ( IFS)27 ,26,27
26 PRINT 110
110 F O R M A T {22HTHE MATRIX IS SINGULAR)
GO TO 1
27 PUNCH 104, DET
104 F O R M A T (/17X,20H THE DETERMINANT IS Ell.5/1 
PUNCH 152
152 F O R M A T (25H Y,THE SOLUTION VECTOR IS/)
PUNCHlOl , (B ( I ,1) ,1=1 ,N)
PUNCH 999 
999 F O R M A T (IH )
DO 18 1=1,N
18 A ( I , I ) =A ( I » I ) -1 .
X = M 1
C CONTINUED ON NEXT PAGE
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c NOTE THAT X IS 1/H
DO 19 I=1*N 
DO 19 J=1*N 
19 A (I,J )=A(I,J)*X 
C A = ( ( I-AM*K*H ) **-*1-1)/H
PUNCH 151
151 FORMAT(35H THE MATRIX ((I-AM*K*H)* * - 1 - I)/H 15/) 
DO 200 1=1,N 
200 PUNCH 101 » {A ( I *J ) »J = 1 » N )
GO TO 1 
END
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c S f SOLV^N? KERN e £ Eoi INTEGRAL EQUATIONS
DIMENSION X (S3)» T(33)* B(33*33)
C THE m a t r i x  A 15 A SAMPLING OF THE RESOLVENT KERNEL
DIMENSION ID(80)
READ 9 0 0 , ID
900 E O R M A T (4 0 A 2 )
1 READ 100,N*XK,X0*XE 
100 F O R M A T { I 5 ,3E14.85 
PUNCH 901, ID
901 F O R M A T ( 4 0 A 2 / )
C XK IS LAMBDA
D = N
D E L T A X = (X F - X O )/D 
PUNCH 311,XK 
311 F O R M A T (7HLAMBDA=F6.2)
PUNCH 201,DELTAX,XO,XE 
201 EORMATi7HDELTAX=F10.7,6X,9HINTERVAL(E4.1,lH,F4.1,lH)) 
N=N + 1
DO 5 Î=1,N
D=I“ 1
X l I )=D*DELTAX 
Ti I )=X k I )
5 CONTINUE 
NM = N
DO 30 1=1,NN
30 READ 110, (B( I,J) ,J=1,NN)
110 F O R M A T (5E16.8)
C FOR THE TRAPEZOÏDAL INTEGRATION RULE
DO 31 1 = 1,NN
B ( I , 1 )=B(I, 1 )*2.
31 Bi l ,N)=B( î ,N)*2.
PUNCH 115
115 F O R M A T ( 4 X ,1H X ,9X ,1H T ,6 X ,8 HR-KERNEL,2X ,8HESTI M A T E , 4 X ,
1 5HERROR,3X,13HPERCENT ERROR/)
I N C = (N - 1 )/4 
DO 10 j=l,N,INC 
DO 20 1 = 1,N,INC 
X X = X ( I )
T T = T (J )
A = R (XX ,TT,XK)
ERROR = A B S E (A - B {I ,J ) )
PERCER =ERROR*100./A
PUNCH 102,X( I ) , T (J) ,A,B( I ,0 ),E R R O R ,PERCER 
20 CONTINUE 
10 CONTINUE 
102 FORMAT (^fE10.6,2F10.4)
GO TO 1 
END
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EXAMPLE 3-1
FUNCTION XKK(X,T)
XKK=X+T
RETURN
END
C EXAMPLE 3-1
C RESOLVENT KERNEL FOR KERNEL=X+T
FUNCTION R(X,T*A)
C A IS LAMBDA
R = (x+T-A*(.5*<X+T)-X*T-.33333333))/(l.-A-A*A/12.)*A
RETURN
END
— 6 9—
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  =  X +  T , C O M P A R I S O N  O F
R E S O L V E N T  k e r n e l  A N D  ( ( I  “ L A M B D A * K E R N E L * H  ) - * ^ * - 1  -  I  ) / H
LAMBDA= -.50 
DELTAX= .2500000 
X T
INTERVAL( 0.0, 1.0) 
R-KERNEL ESTIMATE ERROR PERCENT ERROR
0,000000 0.000000 .056338 .058200 .0018 3.3050
.750000 0,000000 -.049295 -.047619 .0016 -3.4013
.500000 0.000000 -.154929 -.153439 .0014 -.9619
.750000 0.000000 -.260563 -.259759 .0013 -.5005
1 .000000 0.000000 -.366197 -.365079 .0011 -.30520.000000 .750000 -.049295 -.0476 19 .0016 -3.4013
.250000 .250000 -.144366 -.142858 .0015 — 1.0446
.500000 .250000 -.239436 -.238095 .0013 -.5602
.750000 .250000 -.334507 -.333333 .0011 -.3509
1.000000 .250000 -.429577 -.428571 .0010 -.2341
0.000000 .500000 -.154929 -.153439 .0014 — .9620
.250000 .500000 -.239436 -.238095 .0013 -.5602
.500000 .500000 -.323943 -.322751 ,0011 — .36 7 9
.750000 .500000 -.408450 -.407407 .0010 -.2554
1.000000 .500000 -.492957 -.492063 ,0008 -.1814
0.000000 .750000 -.260563 -.259259 ,0013 -.5005
.250000 .750000 -.334507 -.333333 ,0011 -.3509
.500000 .750000 -.408450 — .407407 .0010 -. 2554
,750000 ,750^00 -.482394 -.481482 .0009 -.1891
1.000000 .750000 -.556338 -.555555 .0007 — .1406
0,000000 1.000000 -.366197 -.365079 .0011 -.3052
.250000 1.000000 -.429577 -.428571 .0010 -.2342
.500000 1.000000 -.492957 -.492063 .0008 — .1814
.750000 1.000000 -.556338 — .555555 ,0007 -.1406
1.000000 1.000000 -.619718 -.619048 .0006 -.1081
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  = X +  T  . C O M P A R I S O N  O F
r e s o l v e n t  k e r n e l AND ((1“ LAMBDA*KERNEL*H)**-1 -I) /H
LAMBDA= 50
DFLTAX= .1250000 INTERVAL( 0.0, 1.0)
X T R-KERNEL e s t i m a t e ERROR PERCENT ERROR
0.000000 o.ooonoo .056338 .056801 . 0004 .8228
.250000 0.000000 -,040295 -.048877 . 0004 -.8492
.500000 0 .000000 -.154929 -.154557 .0003 -.2401
.750000 0.000000 -.260563 -.260237 .0003 -.1249
1 .000000 0.000000 -.366197 -.365918 .0002 -.0762
0,000000 .250000 -.049295 -.048877 .0004 -.8492
.250000 .250000 — ,144366 -.143992 .0003 -.2591
.500000 .250000 -.239436 -.239101 .0003 -.1398
.750000 .250000 -.334507 -.334213 .0002 -.0876
1.OOOOno .250000 -.429577 -.429326 .0002 -.0585o.nooooo .FOOOQO -.154929 -.154557 .0003 — .2401
.250000 .500000 -.239436 -.239101 .0003 -.1398
.500000 . 500O00 -.323943 -.323648 .0002 -.0912
.750000 . 5O0O00 -.408450 -.408190 .0002 -.0637
1 .000000 , FOOOOO -.492957 -.492774 .0002 — .0453
0,000000 .750000 -.260563 -.260237 ,0003 -.1249
,250000 .750000 -.334507 -.334213 .0002 -.0876
,500000 .750000 -.408450 -.408190 .0002 — .0637
.750000 .750000 -.482394 -.482168 .0002 — .0469
1.000000 ,750000 -.556338 -.556142 .0001 -.0351
0.000000 1.000000 -.366197 -.365918 .0002 -.0762
. 250000 1.OOOOOO -.429577 -.429326 .0002 -.0585
.500000 1.000000 -.492957 -.492734 . 0002 -.0453
.750000 1.000000 -.556338 — .556142 .0001 -.0351
1 .000000 1.OOOOOO -.619718 -.619555 .0001 -.0263
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  =  X +  T  , C O M P A R I S O N  O F
R e s o l v e n t  k e r n e l  a n d  ( ( i- l a m b d a *k e r n e l -*̂h )**-i- i )/h
LAMBDA=
d e l t a x =
.50
.2500000 INTERVAL( 0.0, 1.0)X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
0.000000 0.000000 .173913 .180325 .0064 3.6872
.250000 0.OOOOOO .369565 ,377049 .0074 2.0250
.500000 0.000000 .565217 .573770 ,0085 1 .5132.750000 0.000000 .760869 ,770491 .0096 1 .26461 .000000 0.000000 .956521 .967212 ,0106 1.1177
0.000000 .250000 .369565 .377049 .0074 2.0250
.250000 .250000 .597826 .606556 .0087 1.4604
.500000 .250000 .826086 .836065 .0099 1 .2079
.750000 .250000 1.054347 1 .065573 .0112 1.0647
1 .000000 .250000 1.282608 1 .295081 .0124 .9724
0.000000 .500000 .565217 .573770 .0085 1.5132
.250000 .500000 ,826086 .836065 .0099 1.2079
.500000 .500000 1.086956 1 .098360 .0114 1.0491
.750000 .500000 1.347826 1.360655 .0128 .95 18
1 .000000 .500000 1.608695 1.622950 .0142 .8861
0.OOOOOO .750000 .760869 .770491 .0096 1.2646
.250000 .750000 1.054347 1.065573 .0112 1.0647
.500000 .750000 1.347826 1 .360655 .0128 .9518
.750000 .750000 1.641304 1 .655737 .0144 . 8793
1.000000 .750000 1.934782 1.950819 .0160 .8288
0.000000 1.000000 .956521 .967212 .0106 1.1177
.250000 1.000000 1.282608 1.295081 .0124 .9724
.500000 1.000000 1.608695 1.622950 .0142 . 8861
.750000 1.OOOOOO 1.934782 1.950819 .0160 .8288
1.000000 1.000000 2.260869 2.278687 .0178 . 7880
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i n t e g r a l EQUATION WITH KERNEL = X + T .COMPARISON OF
RE.EOLVFNT KERNEL AND {(I- LAMBDA*KERNEL*H)**-1 -I) /H
l a m b d a = 50
DELTAX= ,125 0000 INTERVAL( 0.0, 1.0)
X T R— KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0 .000000 .173913 .175505 .0015 ,9157.250000 0 .000000 .369565 .371428 .0018 .5041
.500000 0 .000000 .565217 .567346 .0021 .3767
.750000 0 .OOOOOO .760869 .763265 .0023 .3148
1 ,000000 0 ,000000 ,956521 .959183 .0026 .27820.OOOOOO ,250000 .369565 .371428 .0018 . 5041
,250000 ,250000 .597826 .599996 .0021 .8631
.500000 .250000 .826086 .828571 .0024 .3007
,750000 ,250000 1.054347 1.057142 ,0027 .2650
1,000000 .250000 1.282608 1.285713 .0031 .2420
0,000000 ,500000 ,565217 .567346 .0021 .3767
,250000 ,500000 ,826086 .828571 .0024 . 3007
,500000 .500000 1,086956 1.089793 .0028 .2610
,750000 ,500000 1 ,347826 1.351019 .0031 .2369
1,000000 .500000 1,608695 1,612244 .0035 .2205
0.OOOOOO .750000 ,760869 .763265 .0023 .3148
.250000 ,750000 1.054347 1.057142 .0027 .2650
.500000 .750000 1 ,347826 1.351019 .0031 .2369
.750000 .750000 1.641304 1.644896 . 0035 .2188
1.000000 .750000 1,934782 1.938774 .0039 . 2063
0.000000 1.000000 ,956521 .959183 .0026 .2782
.250000 1•OOOOOO 1,282608 1,285714 .0031 .2421
.500000 1,000000 1,608695 1,612244 .0035 .2206
.750000 1,000000 1.934782 1,938774 .0039 .2063
1 .000000 1 .OOOOOO 2 .260869 2.265302 .0044 . 1960
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I N T F G R A L  e q u a t i o n  ' V I T H  K E R N E L  = X +  I  ^ C O M P A R I S O N  O F
r e s o l v e n t  k e r n e l  a n d  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBDA=
d f l t a x =
.50
0675000 INTERVAL( 0.0, 1.0)
X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0,000000 0.000000 .172913 .174288 .0003 .2156
.250000 0.000000 ,369565 .370030 , 0004 .1258
.500000 0.000000 .565217 .565748 . 0005 .0940
.750000 0.000000 .760869 ,761467 .0005 .0785
1 .000000 0.000000 .956521 .957185 .0006 .06940.000000 .250000 .369565 .370030 .0004 .1258
.250000 .250000 .597826 .598356 .0005 .0887
.500000 .250000 .826086 .826707 .0006 .0750
.750000 .250000 1.054347 1.055045 ,0006 .06611 .000000 .250000 1.282608 1.283383 .0007 .06040 .OOOnnn .5 0 0 non .565217 .565748 .0005 .0940.250000 .ROOOOO .826086 .826707 .0006 .0750.500^on .50OO0O 1.086956 1 .087659 .0007 .0646
,750nno • 500000 1.347826 1.348623 .0007 .0591
1.000000 .500000 1.608695 1.609581 .0008 .0550
0.000000 .750000 .760869 .761467 .0005 .0785
.250000 .750000 1.054347 1.055045 .0006 .0661
.500000 .750000 1.347826 1.348623 .0007 .0591
.750000 .750000 1 .641304 1.642196 .0008 .0543
I .OOOOOO .750000 1,934782 1.935778 .0009 .0514
0.000000 I.OOOOOO .956521 .957185 .0006 .0694
.250000 I,OOOOOO 1 ,282608 I.283383 .0007 .0604
.500OO0 1.OOOOOO 1,608695 1 .609581 .0008 .0550
.750000 1.000000 1,934782 1.935778 .0009 .0514
1 .000000 1.OOOOOO 2.260869 2.261971 .0011 .0487
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I N T F G R A L  F O U A T I O N  W I T H  K E R N E L  =  X +  T , C O M P A R I S O N  O F
R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A - » - K E R N E L * H  ) * * - 1  -  I  ) / H
LAMBDA=
DELTAX=
1 .90
.2500000 INTERVAL( 0.0» 1.0)
X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0.000000 -1.002081 -1.002018 0.0000 — .0063
.250000 0.000000 -1,021859 -1.021196 .0006 -.0649
.500000 0.000000 -1.041637 -1.040373 .0012 -.1213
.750000 0.OOOOOO -1.061415 -1.059550 .0018 -.1756
1 .000000 0.000000 -1.081193 -1.078728 . 0024 -.2280
0.000000 .250000 -1.021859 -1.021196 .0006 — .0649
.250000 .250000 -1.229528 -1.222558 .0069 — .5668.500000 .250000 -1.437196 -1.423921 .0132 -.9236
.750000 .250000 -1.644864 -1.625283 .0195 -1.1904
1 .000000 .250000 -1.852533 -1.826646 . 0258 -1 .3973
0.000000 .500000 -1.041637 -1.040373 .0012 -.1213
.250000 .500000 -1.437196 -1.423921 .0132 -.9236
.500000 .500000 -1.832755 -1.807469 .0252 -1.3796
.750000 .500000 “ 2.228313 -2.191016 .0372 -1.6737
1 .000000 .500n00 -2.623872 -2.574564 .0493 -1.8791
0.000000 .750000 -1.061415 -1.059550 .0018 -.1756
.250000 .750000 -1.644864 -1.625284 .0195 — 1.19 04
,500000 .750000 -2.228313 -2.191017 .0372 -1.6737
.750000 .750000 -2.811762 -2.756750 .0550 -1 .9565
1.000000 .750000 -3.395211 -3.322483 .0727 -2.1420
0.000000 1.000000 -1.081193 -1.078728 .0024 -.2280
.250000 1.000000 -1.852533 -1.826646 . 0258 -1.3973
.500000 1.000000 -2.623872 -2.574564 .0493 -1.8791
.750000 1.000000 -3.395211 -3.322482 .0727 -2.1421
1.000000 1.000000 -4.166551 -4.070401 .0961 -2.3076
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i n t e g r a l  e q u a t i o n  w i t h  k e r n e l  =  X +  T .COMPARISON O F
r e s o l v e n t  k e r n e l  a n d  { ( I - L A M B D A * K E R N E L * H ) * * - ! - ! ) / h
LAMBDA=
d e l t a x =
1 .90
.1^50000 INTERVAL( 0.0» 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0 .ooonrin 0.000000 -1.007081 -1.007 067 0,0000 .0014.750000 0.000000 -1.021859 -1.021690 .0001 —.0166.500000 0.OOOOOO -1.041637 -1 .041314 .0003 —.0310.750000 0.000000 “1,061415 -1 .060938 .0004 —.0449
1 .000000 0.000000 -1.081193 -1.080563 .0006 —,05820.000000 .750000 -1.021859 -1.021690 . 0001 - .0166.250000 .250000 -1.229528 -1.227745 .0017 -**.1449.500000 .250000 -1,437196 -1,433800 .0033 —.2362.750000 .250000 -1,644864 -1.639855 .0050 —.3045
1 .000000 .250000 -1.852533 -1.845910 .0066 —.35740 .OOOOOO .500000 -1.041637 -1,0413 14 .0003 —.0310
.250000 .500000 -1.437196 -1.433800 .0033 —.7362.500000 .500^00 -1.832755 —1.876286 .0064 —.3529.750000 .500000 -2.228313 -2,218772 .0095 —.4281
1.000000 .500000 -2.623872 -2.611258 .0126 —.48070 .OOOOOO .750000 -1.061415 -1.060938 .0004 —.0449.250000 .750000 “1.644864 -1.639855 .0050 —.3045
.500000 .750000 -2.228313 -2.218772 .0095 —.4281
.750000 .750000 -2.811762 -2.797689 .0140 .5005
1 .000000 .750000 -3,395211 -3.376606 .0186 .54790 .000000 l.OOOAQO -1.081193 -1.080563 . 0006 - .0582.250000 1.000^00 -1.852533 — 1.845910 .0066 - .3574.500000 1,000000 -2.623872 -2.611258 .0126 *_.4807
.750000 1.000000 -3.395211 -3.376605 .0186 —. 5480
1 .000000 1.000000 -4.166551 -4,141953 .0245 -*■.5903
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r FXAMPLE 3-?
C ÎMTt^GRAL FOUATION WITH KERNEL = 1“ 3*X*T
C
FUNCTION X K K (X * T )
XKK=1.-3.*X*T
RETURN
END
r EXAMPLE 3-7
C RESOL\/FNT KERNEL FOR KERNEL = 1-3XT
C TEST
FUNCTION R(X»T*A)
R = f 1 .+A-1.5*A*(X + T )-3.*(1.“A )* X * T )/(1.“A*A*.25)*A
RETURN
END
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I N T E G R A L  F O U A T I O N  W I T H  K E R N E L  =  1 - 3 X T  ♦ C O M P A R I S O N  O E
R E S O L V E N T  K E R N E L  A N D  ( < I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBDA= 50
DELTAX= .2 500000 INTERVAL{ 0.0♦ 1.0)
X T R-KERNEL E S T IMATE ERROR PERCENT El
.250000 .250000 .550000 .553718 .003718 .676145
. 2 «;oooo ,500000 .400000 .404958 .004958 1.239660.500000 .5O0O00 .200000 .206610 .006610 3.305400
.250000 ,750000 .250000 .256198 .006198 2.479324
.500000 .750000 0.OOOOOO .008264 .008264
.750000 ,750000 -.250000 -.239670 .010330 -4.132000
INTEGRAL EQUATION WITH KERNEL = 1-3XT ♦COMPARISON OF
RESOL v e n t  KERNEL AND ((I- LAMBDA*KERNEL*H)**-1 -I ) /H
l a m b d a = 50
HFLTAX= .1 250000 INTERVAL( 0.0♦ 1.0)
X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
.250000 .250000 .550000 .550934 .000934 .169890
.250000 . 500000 .400000 .401247 .001247 .311830
.500000 . 500000 .200000 .201661 .001661 .830800
.250000 .750000 .250000 .251559 .001559 .623676
.500000 ,750000 0,000000 .002078 .002078
. 7 5 0 noo .750000 -.250000 -.247402 .002597 -1 .039040
i n t e g r a l  EQUATION WITH KERNEL - 1-3XT ,COMPARISON OF 
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-1-I )/H
LAMBDA=
DELTAX=
.50
0625000 INTERVAL( 0.0♦ 1.0)
X T R-KERNEL ESTIMATE ERROR PERCENT E
.250000 .250000 .550000 .550228 .000228 .041600
.250000 . 500000 .400000 .400312 .000312 .078067
.500000 .500000 .200000 .200408 .000408 .204000
,250000 .750000 .250000 .250390 .000390 .156140
,500000 .750000 0.OOOOOO .000520 .000520
.750000 .750000 -.250000 -.249353 .000646 -.258560
RROR
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INTEGRAL EQUATION WITH KERNEL = 1“ 3XT ,COMPARI SON OF
RESOLVENT KERNEL AND i (I- LAMBDA*KERNE t_*H ) **-1 -I) /H
LAMBDA= 1. 00
DELTAX= ,2500000 INTERVAL( 0,0» 1, 0 )
X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
.250000 ,250000 1,666666 1 ,708332 ,041666 2.499972
.250000 .500000 1,166666 1 ,208333 ,041666 3,571423
.500000 .500000 ,666666 .708332 .041666 6.249921
,250000 ,750000 ,666666 ,708333 ,041666 6.249987
,500000 ,750000 , 166666 ,208333 .041666 24.999972
,750000 ,750000 -.333333 — ,291666 ,041666“ 12.499959
i n t e g r a l  EQUATION WITH KERNEL = 1-3 XT ,COMPARISON OF
RESOLVENT k e r n e l  AND ((I- l a m b d a * k e r n e L * H )**-1 -I ) /H
LAMBDA= 1. 00
0FLTAX= ,1250000 INTERVAL( 0.0, 1, 0 )
X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
,250000 ,250000 1,666666 1 ,677081 ,010415 .624900
,250000 .500000 1.166666 1,177082 ,010416 .892825
,500000 . 500000 . 666666 ,677080 .010414 1,562121
,250000 .750000 ,666666 ,677083 ,010416 1,562470
,500000 .750000 ,166666 .177083 ,010416 6,249948
,750000 .750000 -.333333 -.322918 ,010414 -3,124479
INTEGRAL EQUATION WITH KERNEL = 1-3 XT ,COMPARI SON OF
RESOLVENT KERNEL AND ((I- LAMBDA*KE RNE L * H )**-1 -I ) /H
LAMBDA= 1. 00
DFLTAX= ,0625000 INTERVAL( 0,0 » 1. 0 )
X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
,250000 ,250000 1,666666 1.669264 ,002597 , 155844
,250000 .600000 I ,166666 1,169270 ,002603 ,223174
,500000 .50OO00 ,6 666 6 6 ,669260 ,002594 ,389121
.250000 ,750000 ,666666 ,669270 ,002603 , 390582
,500000 ,750000 , 1 66666 ,169270 ,002604 1.562442
,750000 ,750000 -.333333 -.330732 ,002600 -.780159
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i n t e g r a l  E Q U A T I O N  W I T H  K E R N E L  =  1 - 3 X T  * C O M P A R I S O N  O F
R E S O L V E N T  k e r n e l  A N D  ( { I ~ L A M B D A * K E R N E L * H ) - I ) / H
LAMBDA=
DELTAX=
X
1.50
.2500000
T
.250000
.250000
.500000
.250000
.500000
.750000
INTERVAL( 0.0, 1.0) 
R-KERNEL ESTIMATE ERROR
.250000 
.500000 
.500000 
.750000 
.750000 
.750000
5.035714
3.428571
2.142857 
1.821428 
.857142 
-.107142
5.490565 
3.792452 
2.433961 
2.094339 
1.075471 
.056603
.454851 
.363881 
.291104 
.272910 
.218328 
.163746
PERCENT ERROR
9.032502 
10.613196 
13.584876 
14.983333 
25.471670 
-152 .83
INTEGRAL EQUATION WITH KERNEL = 1-3XT ,COMPARISON OE
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)^*-1-I)/H
l a m b d a =
OFLTAX= 
X
1.50
.1 250000 
T
.250000
.250000
.500000
.250000
.500000
.750000
TNTFRVAL( 0.0, 1.0) 
R-KERNEL ESTIMATE
.250000
.500000 
.500000 
.750000 
.750000 
.750000
5.035714
3.428571
2.142857 
1 .821428 
.857142 
107142
5.144790 
3.515834 
2.212667 
1,886876 
.909501 
-.067875
ERROR
.109076 
.087263 
.069810 
.06 5 448 
.052358 
.039267-
PERCENT ERROR
2.166052 
2.545182 
3.257804 
3.593223 
6. 108511 
-36.649809
INTEGRAL EQUATION WITH KERNEL = 1~3XT ,COMPARISON OE 
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-l-I)/H
LAMBDA:
DELTAX:
X
1.50
.0625000
T
.250000
.250000
.500000
.250000
.500000
.750000
INTERVAL( 0.0, 1.0)
R-KERNEL ESTIMATE
.250000
.500000
.500000
.750000
.750000
.750000
5.035714
3.428571
2.142857 
1 .821428 
.857142 
-.107142
5.062697 
3.450163 
2.160129 
1.837623 
.870099 
-.097430
ERROR
.026983
.021592
.017272
.016195
.012956
.009712
PERCENT ERROR
.535840 
.629781 
.806050 
. 889142 
1.511612 
-9.064953
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I N T F G R A L  E Q U A T I O N  W I T H  K E R N E L  =  1 “ 3 X T  . C O M P A R I S O N  O F
R e s o l v e n t  k e r n e l  a n d  ((i- l a m b d a * k e r n e l *h /h
LAMBDA=
d f l t a x =
X
1 .90
.2500000
T
.250000
.250000
.500000
.250000
.500000
.750000
INTERVAL( 0.0, 1.0)
R-KERNEL ESTIMATE ERROR
,250000 
. 500000 
.500000 
,750000 
,750000 
,750000
32.032050
21,435896
14,128205
10.839743
6.820512
2,801281
73.439680 
49 .992884 
33.822679 
26.546084 
17,652472 
8,758859
41.407630 
28.556988 
19.694474 
15.706341 
10.831960 
5.957577
PERCENT ERROR
129.27
133.22
139.40
144.90
158.14
212.67
INTEGRAL EQUATION WITH KERNEL = 1-3XT .COMPARISON OE 
r e s o l v e n t  k e r n e l  a n d  ((I-LAMBDA*KERNEL*H)**-1-I)/H
LAMBDA:
DELTAX=
X
1.90
.1250000 
T
.250000
.250000
.500000
.250000
.500000
.750000
INTERVAL! 0.0» 1.0) 
R-KERNEL ESTIMATE ERROR
.250000 
. 500000 
,500000 
.750000 
.750000 
,750000
32,032050
21.435896 
14. 128205
10.839743
6.820512
2.801281
37.452985
25.174476
16.706536
12.895964
8.238597
3.581228
5.420935 
3.738580 
2.578331 
2.056221 
1.418085 
.779946
PERCENT ERROR
16.923471
17.440745
18.249529
18.969278
20.791472
27.842499
INTEGRAL FOUATION WITH KERNEL = 1-3XT .COMPARISON OF 
RESOLVENT k e r n e l  AND ((I-LAMBDA*KERNEL*H)**-1-I )/H
LAMBDA:
DELTAX:
X
1.90
.0625000
T
.250000
.250000
.500000
.250000
.500000
.750000
INTERVAL( 0.0, 1.0)
R-KERNEL ESTIMATE
,250000 
, 50QO00 
, 500000 
,750000 
,750000 
,750000
32.032050 
2 1.4 3 5896
14.128205
10.839743
6.820512
2.801281
33.242854 
22.270947 
14,704104 
1 1 .299028 
7.137264 
2.975492
ERROR
1 . 2 10804 
.835051 
,575899 
.459285 
.316751 
,174210
PERCENT ERROR
3,779976 
3. 895573 
4.076236 
4.237046 
4.644105 
6.218970
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I N T F G R A L  F O U A T I O N  W I T H  K E R N E L  =  1 ~ 3 X T  , C O M P A R I S O N  O F
R e s o l v e n t  k e r n e l  a n d  {(i- l a m b d a * k e r n e l * h i >/h
LAMBDA= 
DELTAX= 
X
1 .99
.2500000
T
250000
,250000
,500000
,250000
,500000
,750000
INTERVAL( 0.0» 1.0) 
R-KERNEL ESTIMATE ERROR
.250000 335.78 
.500000 223.94 
.FOOFOO 149.13 
.750^00 112.00
-67.321852 403.10 
-45.606892 269.63 
-01.202040 180.36 
-24.071934 136.17
PERCENT ERROR
120.05
120.41
120.04 
121 .47
.750000 74.313282-16.767181 91.080463 122.56 
.750000 36.533206 -9.462427 45,995633 125.90
INTEGRAL EQUATION WITH KERNEL = 1-3XT .COMPARISON OF 
RESOLVENT KERNEL AND ((I-LAMBDA^KERNEL^H)**-1-I)/H
l a m b d a = 
o f l t a x =
X
1 .09
.1350000
T
INTERVAL! 0.0» 1.0) 
R-KERNEL ESTIMATE ERROR PERCENT ERROR
.250000
.250000
.500000
.250000
.500000
.750000
.250000 33F.78 -624.12 959.91
.500000 223.94 -418.14 642.08
.500000 149.13 -280.36 429.48
.750000 112.09 -212.15 324.25
.750000 74.313282 -142.58 216.89
.750000 36.533206-72.996182 109.53
286.72
288.00
289.27
291.86
299.81
i n t e g r a l  EQUATION WITH KERNEL = 1~3XT .COMPARISON OF 
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-!-I)/H
LAMBDA=
DELTAX=
X
1 .99
.0625000
T
I NTERVAL( 0.0» 1.0)
R-KERNEL ESTIMATE ERROR PERCENT ERROR
.250000
.250000
.500000
.250000
.500000
.750000
212.07 63.158145
14 1.86 63.345935
94,886490 63.628695 
71.636980 63.908322 
47,917770 64.480761 
.750000 36.533206 6 0.731715 24.198509 66.237025
.250^00 336,78 547.85
.500^00 2 23.94 365.79
.500000 149.13 244.01
.750000 112.09 183.73
.75On00 74.313282 112.23
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I N T F G R A L  F O U A T I O N  W I T H  K E R N E L  =  1 - 3 X T  .COMPARISON O F
RESOLVENT k e r n e l  AND < ( I-LAMBDA*KERNEL*H)**-1-I)/H
LAMBDA=
DELTAX=
X
2.50
.2 500000 
T
.250000
.250000
,500000
.250000
.500000
.750000
INTERVAL( 0.0, 1.0)
R-KERNEL ESTIMATE
.250000 
.500000 
.500000 
.750000 
.750000 
.750000
-8.472222 
-5.555555 
-3.888888 
-2,638888 
- 2.222222 
-1.805555
-7.298850 
-4.885057 
-3.505747 
-2.471264 
-2 .126436 
-1.781609
ERROR
1. 173371- 
.670497- 
.383 141 
.167624 
.095785 
.023945
PERCENT ERROR
■1 3.849627 
•12.068962 
-9.852200 
-6.352082 
-4.310352 
-1.326234
INTEGRAL EQUATION WITH KERNEL = 1-3XT .COMPARISON OE 
r e s o l v e n t  KERNEL AND ((I-LAMBDA*KERNEL*H)**-!-!)/H
LAMRDA=
DELTAX=
X
2.50
. 1250000 
T
250000
250000
500000
250000
500000
750000
INTERVAL( 0.0, 1.0) 
R-KERNEL ESTIMATE
,250^00 
. 500000 
.500000 
.750000 
.750000 
.750000
-8.472222
— 5.555555
-3.888888
-2.638888
- 2.222222
-1.805555
-8.135316 
— 5.363038 
-3 .778880 
-2 .590760 
-2.194720 
-1.798680
ERROR
.336906 
. 1925 17 
.110007 
.048128 
.027501 
.006874
PERCENT ERROR
-3.976595 
— 3 .465309 
-2.828774 
-1.823824 
-1.237585 
-.380752
i n t e g r a l  EQUATION WITH KERNEL = 1~3XT .COMPARISON OE 
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-1-I )/H
LAMRDA=
DELTAX=
X
2.50
.0625000
T
.250000.250000.500<^^0
.250000
.500000
.750000
INTERVAL( 0.0, 1.0)
R-KERNEL ESTIMATE
,250000
.500000
.500000 
,750000 
.750000 
.750000
-8.472222 
-5.555555 
-3.888888 
-2.638888 
- 2.222222 
-1.805555
-8.384756
-5.805575
- 3 . 8 6 0 9 9 6
-2.626395 
-2.215083 
-1.803774
ERROR
.087465
.049980
.028552
.012493
.007138
.001781
PERCENT ERROR
-1 .032376 
-.899640 
-.734212 
— .473426 
-.321237 
-.098645
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EXAMPLE 3-3,1 
FUNCTION XKK(X*T) 
XKK=EXPF(X - T ) 
RETURN 
END
C e x a m p l e  3-^,1
C RESOLVENT KERNEL FOR KERNEL=EXPF(X -T)
FUNCTION R(X»T,A)
R=A*EXPF(X-T)/(1.-A)
RETURN
END
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I N T E G R A L  E Q U A T I O N  W I T H  KERNEL=EXP ( X - T ) .COMPARISON O E
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-1-I )/H
LAMBDA=
DELTAX=
‘.50
2500000 INTERVAL( 0.0» 1.0)X T R-KERNEL E S T IMATE ERROR PERCENT El
n.oooonn 0 .OOOOOO -.222222 - . 2 2 2 2 2 5 0.0000 -.0005
. ?Fonno 0.OOOOOO -.4 2 AOOP -.428008 0.0000 0.0000.RQOnon 0,OOOOOO -.5A0572 0.0000 0.0000
.7R0000 0.OOOOOO -.705555 -.705566 0.0000 0.0000
1 .000000 0.OOOOOO - . 0 0 5 0 9 2 -.906092 0.0000 0.0000
0.OOOOOO .250000 -.250500 -.250600 0.0000 0.0000
.250000 .250000 -.222233 -.222274 0.0000 -.0002
.500000 .250000 -.428008 -.428008 0.0000 0.0000
.750000 .250000 -.549572 -.549572 0.0000 0.0000
1.000000 .250000 -.705666 -.705666 0.0000 0.0000
0 .ooorioo , 5 nonoo -.202176 -.202176 0.0000 0.0000
.250000 .500000 -.259600 -.259600 0.0000 0.0000
.500000 .5 0 0 0 0 0 - . 2 ’a2222 -.222234 0.0000 -.0002
.750000 .500000 - .428008 -.428008 0.0000 0.0000
1 .OOOOOO . =;00o00 -.549572 - . 5 4 0 5 7 2 0.0000 0.0000
0.000000 .750000 -.157455 - . 1 5 7 4 5 5 0.0000 0.0000
.250000 ,750000 -.202176 -.202176 0.0000 0.0000
.500000 . 50000 -.259600 -.259600 0.0000 0.0000
.750000 .750000 -.232322 -.232222 0.0000 0.0000
1 .000000 .750000 -.428008 -.428008 0.0000 0.0000
0.000000 1.000000 -.122626 -.122626 0.0000 0.0000
.250000 1 . 0 0 0 0 0 0 -.157455 -.157455 0.0000 0.0000
.500000 1.OOOOOO -.2 02 176 -.202176 0.0000 0.0000
.750000 1.OOOOOO -.250600 -.250600 0.0000 O.OOOO
].000000 1 . OOOOOO -.2 22272 -.222725 0.0000 -.0005
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I N T E G R A L  F O U A T I O N  W I T H  K E R N E L = F X P ( X - T ] , C O M P A R I S O N  O F
R E S O L V E N T  k e r n e l  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - ! - I ) / H
LAMRDA= 50
DELTAX= .1 250000 INTERVAL( 0.0» 1.0}
X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
0.000000 0.000000 -.333333 -.333342 0,0000 -.0027
.750000 0.OOOOOO -.428008 -.428008 0.0000 0.0000
.500000 0,000000 -.549573 -.549573 0.0000 0.0000
.750100 0 .OOOOOO -.705666 — .705666 0.0000 0.0000
1 .ooooon O.noooOO -.906093 -.906093 0,0000 0.0000
0.000000 .750000 -.259600 -.259600 0.0000 0.0000
.750000 .250000 -.333333 -.333336 0.0000 -.0010.500000 .250000 -.428008 -.428008 0.0000 0.0000
.750000 .750000 -.549573 -.549573 0.0000 0.0000
1 .000000 .750000 -.705666 -.705666 0.0000 0.0000
0.000000 . 500000 -.202176 -.202176 0.0000 0.0000
.250000 .500000 -.259600 -.259600 0.0000 0.0000
.500000 . 500000 -.333333 -.333335 0,0000 -.0005
.750000 . 500000 -.428008 -.428008 0.0000 0.0000
1 .000000 .500000 — .549573 -.549573 0.0000 0.0000
0 .OOOnno .750000 -.157455 -.157455 0.0000 0.0000
.250000 .750000 -.202176 -.202176 0.0000 0.0000
.500000 .750000 -.259600 -.259600 0.0000 0.0000
.750000 .750000 -.333333 -.333334 0,0000 -.0003
1 .000000 .750000 -.428008 -.478008 0.0000 0.0000
0.000000 1 .OOOOOO -.122626 -.122626 0.0000 0.0000
.250000 1 ,000000 -, 157455 -.157455 0.0000 0.0000
.500000 1.000000 -.202176 -.202176 0.0000 0.0000
.750000 1 .000000 -.259600 -.259600 0.0000 0.0000
1.000000 1 .000000 -.333333 -.333340 0.0000 -.0022
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  = E X P ( X ~ T ) , C O M P A R I S O N  O F
R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A - * - K E R N E L * H ) * * - l - I  ) / H
LAMBDA^ .50 
DFLT AX= .2500000 INTERVAL I 0.0* 1.0)X T R-KERNEL E S T IMATE ERROR PERCENT E
0.000000 0 .OOOOOO 1.000000 .999997 0.0000 .0002
.250000 0.OOOOOO 1.284025 1.284024 0.0000 0.0000
.500000 0.000000 1.548721 1.648720 0.0000 0.0000
.750000 0.000000 :.117000 2.116999 0.0000 0.0000
1.000000 0.00 0 0 00 2.7 18281 2.718281 0.0000 0.0 0 00
0.000000 .750000 ,775800 .7 78800 0.0000 0.0000
. y AOOOO . ; 5 0 n 0 0 1 .oonooo ,000999 0.0000 0.0000
.500000 .2 5 00 00 1.284025 1,284025 0.0000 0.0000
.750000 .250000 1.648721 1.648720 0.0000 0.0000
T.000000 .250000 2.117000 2 .  116999 0,0000 0.0000
0.000000 .500000 ,606550 .606580 0,0000 0,0000
.250000 ,-00000 . 7 78800 .778800 0.0000 0.0000
.500000 .500000 1.0 00000 , 0 0 9 9 9 9 0.0000 0.0000
.750000 .500000 1.284025 1.284025 0.0000 0.0000
1 .000000 .<^00000 1.648721 1.648720 0.0000 0.00000.000000 .750000 . 4  7 2 3 6 6 .472366 0.0000 0.0000
.250000 .750000 .606530 .606530 0.0000 0.0000
.500000 .750'^00 .778800 .778800 0.0000 0.0000
.750000 .750000 ].oonooo .999999 0.0000 0.0 0 001.000000 .750000 1.284025 1.284025 0.0000 0.0000
0.OOOOOO 1,OOOOOO .367879 .367879 0.0000 O.OOOO
.2 50000 : . OOOOOO .4 72366 .472366 0.0000 0.0000
.5O0DOO 1.OOQOOO ,606530 .606530 0,0000 0,00 00
.750000 1.OOOOOO .778800 ,778800 0.0000 0.0000
1 . 0 0 0 0 0 0 1 .noon 0 0 1.000000 .999997 0.0000 .n002
- 88 -
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P ( X - T ) , C O M P A R I S O N  O F
R E S O L V E N T  k e r n e l  A N D  ( ( I - L A M B D A * K E R N E L * H  ) ■ « ■ * -1 “  I  ) / H
LAMBDA=
DELTAX=
X
.50
.1250000
T
INTERVAL! 0.0. 1.0) 
R-KERNEL ESTIMATE ERROR PERCENT ERROR
0 ,000000 0.000000 1,000000 .Q9Q993 0.0000 .0006
.250000 0,000000 1.284025 1.284025 0.0000 0 .0000
.500000 0.OOOOOO 1.648721 1.648720 0.0000 0 .0000
,750000 0,000000 2.117000 ?.116999 0.0000 0 ,0000
1 ,000000 0,000000 2.718281 2.718280 0.0000 0 .0000
0 ,000000 ,250000 ,778800 .778800 0.0000 0 ,0000
.250000 .250000 1.000000 ,999998 0.0000 .0001
,500000 .250000 1.284025 1.284024 0.0000 0 .0000
,750000 .250000 1.648721 1.648720 0.0000 0 ,0000
1 .000000 .250000 2.117000 2.116999 0.0000 0 .0000
0 .000000 .500000 .606530 .606530 0.0000 0 ,0000
.250000 ,500^00 .778800 ,778800 O.OOOO 0 .0000
.500000 ,500000 1.000000 ,goqq98 0.0000 .0001
.750000 ,500000 1.284025 1,284024 0.0000 0 .0000
1 .000000 .500000 1.648721 1 ,648720 0.0000 0 .0000
0 .000000 ,750000 .472366 ,472366 0.0000 0 .0000
.250000 .750000 .606530 .606530 0.0000 0 ,0000
.500000 .750000 .778800 ,778800 0.0000 0 ,0000
.750000 ,750000 1,000000 ,999997 0.0000 .0002
1 .000000 .750000 1.284025 1.284024 0.0000 0 .0000
0 ,000000 1.000000 .367879 .367879 0.0000 0 .0000
.250000 1,000000 .472366 .472366 0.0000 0 . 0000
,500000 1.OOOOOO .606530 .606580 0.0000 0 ,0000
,750000 1.000000 ,778800 .778800 0.0000 0 ,0000
1 ,000000 1.000000 1.000000 ,999992 0.0000 .0008
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i n t e g r a l  e q u a t i o n  w i t h  K E R N F L = E X P ( X - T ) , c o m p a r i s o n  o f
R e s o l v e n t  k e r n e l  a n d  ( ( i - l a m b d a * k e r n e l * h / h
LAMBDA=
DELTAX=
.50
.0625000 INTERVAL( 0.0, 1.0)
X T R-KERNEL E S T IMATE ERROR PERCENT El
0 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 1 , 0 0 0 0 0 0 . 9 9 9 9 7 1 0 . 0 0 0 0 . 0 0 2 8
. 2 5 0 0 0 0 0 . 0 0 0 0 0 0 1 . 2 8 4 0 2 5 1 . 2 8 4 0 2 4 0 . 0 0 0 0 0 . 0 0 0 0
. 5 0 0 0 0 0 0 . 0 0 0 0 0 0 1 . 6 4 8 7 2  1 1 . 6 4 8 7 2 0 0 , 0 0 0 0 0 . 0 0 0 0
. 7 5 0 0 0 0 o . o o o n o o 2 . 1 1 7 0 0 0 2 . 1 1 6 9 9 9 0 . 0 0 0 0 0 . 0 0 0 0
1 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 2 , 7 1 8 2 8 1 2 . 7 1 8 2 8 0 0 . 0 0 0 0 0 . 0 0 0 0
0 .OOOonn . 2 5 0 0 0 0 , 7 7 8 8 0 0 , 7 7 8 8 0 0 0 , 0 0 0 0 n . 0 0 0 0
. 2 5 0 0 0 0 . 2 5 0 0 0 0 1 . 0 0 0 0 0 0 .099995 0 , 0 0 0 0 .0004
. 5 0 0 0 0 0 . 2 5 0 0 0 0 1 . 2 8 4 0 2 5 1 . 2 8 4 0 2 4 0 . 0 0 0 0 0 . 0 0 0 0
. 7 5 0 0 0 0 . 2 5 0 0 0 0 1 . 6 4 8 7 2 1 1 . 6 4 8 7 2 0 0 . 0 0 0 0 0 . 0 0 0 0
1 . 0 0 0 0 0 0 . 2 5 0 0 0 0 2 , 1 1 7 0 0 0 2 . 1 1 6 9 9 8 0 , 0 0 0 0 0 . 0 0 0 0
0 .000000 .500O00 . 6 0 6 5 3 0 .606530 0 , 0 0 0 0 0 . 0 0 0 0
. 2 5 0 0 0 0 . 5 0 0 0 0 0 , 7 7 8 8 0 0 . 7 7 8 8 0 0 0 . 0 0 0 0 0 . 0 0 0 0
. 5 0 0 0 0 0 ,500000 1 . 0 0 0 0 0 0 . 9 9 9 9 9 2 0 . 0 0 0 0 . 0 0 0 8
. 7 5 0 0 0 0 . 5 0 0 0 0 0 1 , 2 8 4 0 2 5 1 . 2 8 4 0 2 4 0 . 0 0 0 0 0 . 0 0 0 0
1 . 0 0 0 0 0 0 . 5 0 0 0 0 0 1 . 6 4 8 7 2  1 1 . 6 4 8 7 2 0 0 , 0 0 0 0 0 ,0000
0 . 0 0 0 0 0 0 ,750noo . 4 7 2 3 6 6 , 4 7 2 3 6 6 0 , 0 0 0 0 0 .0000
. 2 5 0 0 0 0 . 7 5 0 1 0 0 . 6 0 6 5 3 0 , 6 0 6 5 8 0 0,0000 0 , 0 0 0 0
. 5 0 0 0 0 0 ,750^00 , 7 7 8 8 0 0 , 7 7 8 8 0 0 0,0000 0 , 0000
.750000 ,750000 1,000000 . 9 0 0 9 8  8 0,0000 . 0 0 1  ]
1 . 0 0 0 0 0 0 , 7 5 0 0 0 0 1 . 2 8 4 0 2 5 1 . 2 8 4 0 2 4 0 , 0 0 0 0 0 . 0 0 0 0
0 . 0 0 0 0 0 0 1 , 0 0 0 0 0 0 . 3 6 7 8 7 9 . 3 6 7 8 7 9 0 . 0 0 0 0 0 . 0 0 0 0
. 2 5 0 0 0 0 1 . 0 0 0 0 0 0 . 4 7 2 3 6 6 . 4 7 2 3 6 6 0 . 0 0 0 0 0 . 0 0 0 0
.500000 1 . 0 0 0 0 0 0 . 6 0 6 5 3 0 . 6 0 6 5 8 0 0 , 0 0 0 0 0 . 0 0 0 0
. 7 5 0 0 0 0 1 . 0 0 0 0 0 0 . 7 7 8 8 0 0 . 7 7 8 8 0 0 0 , 0 0 0 0 0 , 0 0 0 0
1 .000000 I , 0 0 0 0 0 0 1,000000 .999971 0 . 0 0 0 0 .0028
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i n t e g r a l  e q u a t i o n  w i t h  k e r n e l = f x p { x - t ) , c o m p a r i s o n  o f
r e s o l v e n t  k e r n e l  a n d  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBDA=
d e l t a x =
.90
2500000 INTERVAL( 0.0, 1.0)
X T R-KERNEL ESTIMATE ERROR PERCENT El
0 .OGOnon 0,OOOOOO Q,oonooo 8.909990 0.0000 .0001
.250000 0,000000 11.556228 1 1 .5'=^6217 0.0000 0.0000
.500OOO O.ononoo 14.808490 14.838477 0,0000 0.0000
.750000 0.OOOOOO 19,058000 19.052982 0.0000 0 .0000
1 ,000000 0.000000 24.464536 24.464512 0.0000 0.00000 .000000 .250000 7,OOQ207 7.009200 0.0000 0 .0000
.250000 .250000 q.OOOOOO 8 .900992 0.0000 0.0000
.500000 .250000 11.556228 11.556218 0.0000 0 .0000
.750000 .250000 14.8 38490 14.838478 0.0000 0. 0000
1.000000 .250000 19.053000 19.052983 0.0000 0 .0000
0 .000000 ,500000 5.458775 5.458770 0.0000 0. 0000
.250000 .500000 7.0OO207 7 .000200 0.0000 0 .noon
,500000 .500000 9,000000 8.000992 0,0000 0 .0000
.750000 .500000 11.556228 11.556218 0.0000 0.0000
1 .000000 ,500000 14.838490 14.838478 0.0000 0.0000
0 .000000 .750000 4,251298 4.251294 0.0000 0.0000
.250000 .750000 5,458775 5.458770 0.0000 0.0000
.500000 .750000 7.009207 7.009200 0.0000 0 .0000
.750000 .750000 9.OOOOOO 8.999991 0.0000 0.0000
1.000000 .750000 11.556228 11.556218 0.0000 0.0000
0 .000000 1.OOOOOO 3,310914 3.310911 0.0000 0.0000
.250000 1.000000 4.251298 4.251295 0.0000 0 .0000
.500000 1.000000 5.458775 5.458771 0.0000 0.0000
.750000 i.OOOOOO 7.009207 7.009200 0.0000 0.0000
I .000000 1.OOQOOO Q,OOOOOO 8,090990 0,0000 .000 I
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I N T F G R A L  E Q U A T I O N  W I T H  K E R N F L = F X P ( X - T ) , C O M P A R I S O N  O F
R f s o l v f n t  k f r n f l  a n d  ( ( I - L A M B D A * K E R N F L * H ) * * - 1 - I ) / H
LAMBDA=
DELTAX=
. 90 
.1250000 INTFRVAL( 0.0* 1.0)X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
0.000000 0,000000 9,000000 8.999977 0.0000 .0002
.250000 0.000000 11.556228 11.556209 0.0000 .0001
.500000 0.000000 14,838490 14.838466 0.0000 .0001
.750000 0.000000 19.053000 19.052968 0.0000 .00011 .000000 0,000000 24.464536 24.464496 0.0000 .00010,000000 ,250000 7.009707 7.009395 0.0000 .0001
,2'=-00O0 ,250000 9,000000 A .999984 0.0000 ,0001
.500000 .O'^OOOO 1 1.556228 11.556209 0.0000 .0001
.750000 .250000 14.848490 14.838467 0.0000 .00011.000000 .250000 19.053000 19.052968 0.0000 .00010.000000 . <^00000 5,458775 5.458766 0.0000 .0001
.250000 . 500000 7.009207 7.009195 0.0000 .0001
. 5 0 0 0 0 0 .500000 9.000000 8.999984 0.0000 .0001
.750000 . 500000 11.556228 11.556209 0.0000 .0001
1.000000 . 500000 14.838490 14.838467 0.0000 .0001
0.000000 .750000 4,251298 4,251291 0.0000 .0001
.250000 .750000 5.458775 5.458766 0.0000 .0001.500000 .750^00 7.009207 7.009195 0.0000 .0001
.750000 .750^00 9.oonooo 8.999983 0.0000 .00011.000000 .750000 11.556228 11.556209 0.0000 .0001
0.000000 1.000000 3.310914 3.310909 0.0000 .0001
.250000 1.000000 4.251298 4.251292 0.0000 .0001
.500000 1.000000 5.458775 5.458767 0.0000 .0001
.750000 1.000000 7,009207 7.009196 0.0000 .0001
1 .000000 1.000000 9,000000 8.999979 0.0000 .0002
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  =  E X P { X - T ) * C O M P A R I S O N  O F
R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H )* * - 1 - I ) /H
LAMBDA=
DELTAX=
.90
.0625000 INTERVAL( 0.0, 1.0)
X T R-KERNEL E S T IMATE ERROR PERCENT ERROR
0 , 0 0 0 0 0 0 0.OOOOOO 9 , 0 0 0 0 0 0 8 . 9 9 0 9 5 8 0 . 0 0 0 0 . 0 0 0 4
• 2 5 0 0 0 0 0.000000 1 1 . 5 5 6 2 2 8 1 1 . 5 5 6 2 0 0 0 . 0 0 0 0 .0002
. 5 0 0 0 0 0 0.000000 1 4 . 8 3 8 4 9 0 1 4 . 8 3 8 4 5 4 0 . 0 0 0 0 . 0 0 0 2
. 7 5 0 0 0 0 0.000000 1 9 , 0 5 3 0 0 0 1 9 , 0 5 2 9 5 2 0 . 0 0 0 0 . 0 0 0 2
1 . 0 0 0 0 0 0 0.000000 2 4 . 4 6 4 5 3 6 2 4 , 4 6 4 4 7 6 0 . 0 0 0 0 . 0 0 0 2
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 7,009207 7 , 0 0 9 1 8 9 0 . 0 0 0 0 . 0 0 0 2
. 2 5 0 0 0 0 . 2 5 0 0 0 0 9 , 0 0 0 0 0 0 8 . 9 9 9 9 6 9 0,0000 . 0 0 0 3
, 5 0 0 0 0 0 . 2 5  0 0 0 0 1 1 . 5 5 6 2 2 8 1 1 . 5 5 6 2 0 0 0 . 0 0 0 0 .0002
. 7 5 0 0 0 0 . 2 5 0 0 0 0 1 4 . 8 3 8 4 9 0 1 4 . 8 3 8 4 5 3 0 . 0 0 0 0 . 0 0 0 2
1 . 0 0 0 0 0 0 .250000 19,053000 1 9 . 0 5 2 9 5 2 0 . 0 0 0 0 . 0 0 0 2
0 . 0 0 0 0 0 0 .500000 5,458775 5.458763 0 . 0 0 0 0 . 0 0 0 2
.250000 . 5 0 0 0 0 0 7 , 0 0 9 2 0 7 7 . 0 0 9 1 8 9 0 , 0 0 0 0 . 0 0 0 2
. ROOOOO .500000 Q , 0 0 0  0 0 0 8 , 9 0 0 9 7 4 0 . 0 0 0 0 . 0 0 0 2
. 7 5 0 0 0 0 .500000 1 1 . 5 5 6 2 2 8 11 . 5 5 6 1 9 9 0 . 0 0 0 0 . 0 0 0 2
1 . 0 0 0 0 0 0 .500000 1 4 . 8 3 8 4 9 0 1 4 . 8 3 8 4 5 4 0 . 0 0 0 0 . 0 0 0 2
0 . 0 0 0 0 0 0 .750000 4.251298 4.251288 0 . 0 0 0 0 . 0 0 0 2
. 2 5 0 0 0 0 .750000 5 , 4 5 8 7  7 5 5.458762 0 . 0 0 0 0 . 0 0 0 2
.500000 . 7 5 0 0 0 0 7 , 0 0 9 2 0 7 7 . 0 0 9 1 9 0 0 . 0 0 0 0 .0002
. 7 5 0 0 0 0 . 7 5 0 0 0 0 9 , 0 0 0 0 0 0 8 . 9 9 9 9 7 1 0 . 0 0 0 0 . 0 0 0 3
1 . 0 0 0 0 0 0 . 7 5 0 0 0 0 11.556228 11 . 5 5 6 2 0 0 0 . 0 0 0 0 . 0 0 0 2
0 . 0 0 0 0 0 0 j . O O O O O O 3 . 3 1 0 9 1 4 3 . 3 1 0 9 0 6 0 , 0 0 0 0 . 0 0 0 2
,250000 1 . OOOOOO 4.251298 4 . 2 5 1 2 8 8 0 . 0 0 0 0 . 0 0 0 2
,500000 1.OOOOOO 5 . 4 5 8 7 7 5 5 . 4 5 8 7 6 2 0 . 0 0 0 0 .0002
, 7 5 0 0 0 0 1 . o o n o o o 7 . 0 0 9 2 0 7 7 . 0 0 9 1 8 9 0 . 0 0 0 0 . 0 0 0 2
1 . OOOOOO -, . OOOOOO 9.000000 8 . 0 0 0 0 5 5 0 . 0 0 0 0 . 0 0 0 4
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i n t e g r a l  e q u a t i o n  w i t h  K E R N E L = E X P ( X “ T ) , c o m p a r i s o n  o f
R e s o l v e n t  k e r n e l  a n d  ( ( i - L A M B D A * K E R N E L * H ) * * - i - i i / H
l a m b d a =
DELTAX=
2.10
.2500000 INTERVAL! 0.0» 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0,OOOOOO -1.909090 -1.909090 0.0000 0,0000
.250000 0.000000 -2.45132 1 -2.451321 0.0000 0.0000
.500000 0.000000 -3.147558 -3.147558 0.0000 0.0000.750000 0.000000 —4,041545 —4.041545 0.0000 0.00001 .OOOOOO o.ooonoo -5,189447 -5.18Q447 0.0000 O.OOOO
0.OOOOOO .25 00 00 -1,485801 -1.486801 0.0000 0.0000
.250000 .250000 -1,909090 -1,909091 0.0000 0,0000
.500000 .250000 -2,451321 -2.451321 0.0000 0,0000
.750000 .250000 -3.147558 -3.147559 0.0000 0,00001 .000000 .250000 — 4.041545 —4 * 041545 0.0000 0.0000
0.000000 .500000 -1.157922 -1.157922 0.0000 0.0000
.250000 .500000 “ 1,486801 -1,486801 0.0000 0.0000
.500000 .500000 -1,909090 -1,909090 0.0000 0.0000
.750000 .500000 -2,4 5 132 1 -2.451321 0.0000 0.0000
1.000000 .500000 -3.147558 -3.147559 0.0000 0.0000
0.000000 .750000 -.901790 -.901790 0.0000 0.0000
.250000 .750000 -1.157922 -1.157922 0.0000 0.0000
.500000 .750000 -1,486801 -1,486801 0.0000 0.0000
.750000 .750000 -1,909090 -1.909090 0,0000 0.0000
1 .000000 .750000 -2.451321 -2.451321 0,0000 0.00000.000000 i.000000 -.702315 -.702315 0,0000 0.0000
.250000 1 « OOOOOO -.901790 -.901790 0.0000 0.0000
.500000 1.000000 -1.157922 -1.157922 0.0000 0.0000
.750000 1.000000 -1.486801 -1.486801 0.0000 0.0000
1 .000000 1.000000 -1.909090 -1.909091 0.0000 0.0000
—9 4 —
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i n t e g r a l  e q u a t i o n  w i t h  K E R N E L ^ E X P ( x - t } , c o m p a r i s o n  o f
R e s o l v e n t  k e r n e l  a n d  ( ( i - l a m b d a * k e r n e l * H ) * ^ - i - i ) / h
LAMBDA=
DFLTAX=
2.10
.1250000 INTERVAL( 0.0» 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
o.ooonoo 0 .000^^00 - I ,009090 -1.909091 0.0000 0,0000.250000 0.000000 -2,451321 -2.451321 0.0000 0.0000
.500000 0,000000 -3.147558 -3 .147559 0,0000 0.0000.750000 0,000000 — 4.041545 —4.041545 0,0000 0.0000I .000000 0,000000 — 5.18 944 7 — 5.189446 0,0000 0.00000.000000 .250000 -1.486801 -1.486801 0.0000 0.0000
.250000 .250000 -1.909090 -1,909091 0,0000 0,0000
.500000 ,250000 -2.451321 -2,451321 0.0000 0.0000
.750000 ,250000 -3,147558 -3.147559 0,0000 0.00001.000000 ,250000 —4.0 415 4 5 — 4.041545 0,0000 0,00000.000000 ,5O0O0Q -1,157922 -1.157922 0,0000 0.0000,250000 .500000 -1,486801 -1.486801 0,0000 0,0000.500000 ,500000 -1.909090 -1 .909090 0,0000 0.0000
.750000 .500000 -2.451321 -2.451321 0.0000 0.0000
I ,000000 .500000 -3,147558 -3.147558 0,0000 0.00000.000000 .750000 -.901790 -.901790 0.0000 0.0000
.250000 ,750000 -1,157922 -1.157922 0.0000 0.0000
.500000 .750000 -1.486801 -1.486801 0.0000 0.0000
,750000 ,750000 -1.9 09090 -1,909091 0,0000 0.0000
1.000000 .750000 -2.451321 -2,451320 0,0000 0.0000
0 .OOOOOO I.OOOOOO -.702315 -.702315 0.0000 0.0000
.250000 I.OOOOOO -.901790 -.901790 0.0000 0.0000
.500000 1,000000 -1,157922 “ 1.157922 0.0000 0,0000
,750000 1,000000 -1,486801 -1.486801 0.0000 0.0000
1,000000 1.000000 -1 ,9 09 090 -1,909091 0,0000 0,0000
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P ( X - T ) , C O M P A R I S O N  O F
RESOLVENT KERNEL AND ((I-LAMBDA*KERNEL*H)**-!-!)/H
LAMBDA=
DELTAX=
X
2.10
.0625000
T
INTERVAL( 0.0, 1.0) 
R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0.000000 -1.909090 -1.909104 0.0000 -.0006
.250000 O.OOOOQO -2.451321 -2.451321 0.0000 0,0000.500000 0.000000 -3.147558 “ 3.147560 0.0000 0.0000
.750000 0.000000 -4,041545 -4.041546 0,0000 0.0000
1 .000000 0.000000 -5.189447 -5.189448 0.0000 0.0000
0.000000 .250000 -1.486801 -1.486802 0.0000 0.0000
.250000 .250000 -1.909090 -1.909094 0.0000 -.0001
.500000 .250000 “ 2.451321 -2.451321 0.0000 0.0000
.750000 .250000 “ 3.147558 “ 3.147559 0.0000 0.0000
1 .000000 ,250000 -4.041545 -4.041545 0.0000 0,0000
0.000000 .500000 “ 1.157922 -1.157922 0.0000 0.0000
.250000 .500000 -1.486801 -1,486801 0.0000 0.0000
.500000 ,500000 -1.909090 -1.909092 0.0000 0.0000
.750000 .500000 -2.451321 -2.451321 0.0000 0.0000
1 .ooooon .500(^00 “3.147558 -3.147559 0.0000 0.nooo
0.000000 ,750000 -.901790 -.901790 0.0000 o.oooo
.250000 .750000 -1.157922 -1.157922 0.0000 0.0000
.500000 .750000 -1.486801 -1.486801 0,0000 0.0000
.750000 .750000 -1.909090 -1.909091 0.0000 0.0000
1 .000000 .750000 -2.451321 -2.451321 0.0000 0.0000
0.000000 1.000000 -.702315 -.702315 0.0000 0.0000
.250000 1.000000 -.901790 -.901790 0.0000 0.0000
.500000 1.000000 -1.157922 -1.157922 0.0000 0.0000
.750000 1,000000 -1.486801 -1.486801 0.0000 0.0000
1 .000000 1.000000 -1.909090 -1.909104 0.0000 — .0006
- 9 6 -
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C EXAMPLE 3-3.2
C i n t e g r a l  e q u a t i o n  w i t h  k e r n e l  = EXP(3.5*X-2.1*T)
C
FUNCTION XKK (X, T )
XKK=EXPF(3.3*X-2.1*T)
RETURN
END
C EXAMPLE 3-3.2
C RESOLVENT KERNEL FOR K {X , T )=EXP(3.5*X-2 . 1*T)
C
FUNCTION R (X , T ,A I
R = l.^+*EXPF(3.5*X“ 2.1*T)/{l.A-t-A*(l.“EXPF« l.A) ) )*A
RETURN
END
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P ( 3 . 5 X - 2 . 1 T ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  { ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
L A M B D A =
D E L T A X =
-.50
.2500000 INTERVAL( 0.0, 1.0)X T R - K E R N E L E S T I MA T E ERROR PERCENT ERROR
0 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 - . 2 3 9 1 0 3 - . 2 3 7 8 4 0 . 0 0 1 2 - . 5 2 8 1
. 2 5 0 0 0 0 o . o o o o o o - . 5 7 3 5 7 9 - . 5 7 0 5 4 7 . 0 0 3 0 - . 5 2 8 7
. 5 0 0 0 0 0 o . o o o o o o - 1 . 3 7 5 9 4 6 - 1 . 3 6 8 6 7 1 . 0 0 7 2 - . 5 2 8 7
. 7 5 0 0 0 0 0 . 0 0 0 0 0 0 - 3 . 3 0 0 7 2 4 - 3 . 2 8 3 2 7 1 . 0 1 7 4 - . 5 2 8 7
1 . 0 0 0 0 0 0 o . o o o o o o - 7 . 9 1 8 0 2 7 - 7 . 8 7 6 1 5 8 .  0 4 1 8 - . 5 2 8 7
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 —. 1 4 1 4 4 3 - . 1 4 0 6 9 5 . 0 0 0 7 - . 5 2 8 7
. 2 5 0 0 0 0 . 2 5 0 0 0 0 - . 3 3 9 3 0 4 - . 3 3 7 5 1 0 . 0 0 1 7 - . 5 2 8 6
. 5 0 0 0 0 0 . 2 5 0 0 0 0 - . 8 1 3 9 4 8 - . 8 0 9 6 4 4 . 0 0 4 3 - . 5 2 8 7
. 7 5 0 0 0 0 . 2 5 0 0 0 0 - 1 . 9 5 2 5 6 1 - 1 . 9 4 2 2 3 6 . 0 1 0 3 - . 5 2 8 7
1 . 0 0 0 0 0 0 . 2 5 0 0 0 0 - 4 . 6 8 3 9 5 1 - 4 . 6 5 9 1 8 4 . 0 2 4 7 - . 5 2 8 7
0 . 0 0 0 0 0 0 . 5 0 0 0 0 0 - . 0 8 3 6 7 1 - . 0 8 3 2 2 8 . 0 0 0 4 - . 5 2 8 7
. 2 5 0 0 0 0 . 5 0 0 0 0 0 - . 2 0 0 7 1 7 - . 1 9 9 6 5 6 . 0 0 1 0 - . 5 2 8 7
. 5 0 0 0 0 0 . 5 0 0 0 0 0 - . 4 8 1 4 9 5 - . 4 7 8 9 4 9 . 0 0 2 5 - . 5 2 8 7
. 7 5 0 0 0 0 . 5 0 0 0 0 0 - 1 . 1 5 5 0 4 8 - 1 . 1 4 8 9 4 0 . 0 0 6 1 - . 5 2 8 7
1 . 0 0 0 0 0 0 . 5 0 0 0 0 0 - 2 . 7 7 0 8 1 6 -2 . 7 5 6 1 6 5 . 0 1 4 6 - . 5 2 8 7
0 . 0 0 0 0 0 0 . 7 5 0 0 0 0 - . 0 4 9 4 9 6 - . 0 4 9 2 3 4 . 0 0 0 2 - . 5 2 8 7
. 2 5 0 0 0 0 . 7 5 0 0 0 0 - . 1 1 8 7 3 5 - . 1 1 8 1 0 7 . 0 0 0 6 - . 5 2 8 7
. 5 0 0 O O 0 . 7 5 0 0 0 0 - . 2 8 4 8 3 1 - . 2 8 3 3 2 5 . 0 0 1 5 - . 5 2 8 7
. 7 5 0 0 0 0 . 7 5 0 0 0 0 —. 6 8 3 2 7 4 —. 6 7 9 6 6 2 . 0 0 3 6 - . 5 2 8 7
I . 0 0 0 0 0 0 . 7 5 0 0 0 0 “ 1 , 6 3 9 0 9 1 - 1 . 6 3 0 4 2 4 . 0 0 8 6 - . 5 2 8 7
0 . 0 0 0 0 0 0 1 . 0 0 0 0 0 0 - . 0 2 9 2 7 9 - . 0 2 9 1 2 4 . 0 0 0 1 - . 5 2 8 7
. 2 5 0 0 0 0 1 . 0 0 0 0 0 0 - . 0 7 0 2 3 8 —. 0 6 9 8 6 7 . 0 0 0 3 - . 5 2 8 5
. 5 0 0 0 0 0 1 . 0 0 0 0 0 0 - . 1 6 8 4 9 3 - . 1 6 7 6 0 2 . 0 0 0 8 - . 5 2 8 6
. 7 5 0 0 0 0 1 . 0 0 0 0 0 0 - . 4 0 4 1 9 4 - . 4 0 2 0 5 7 . 0 0 2 1 - . 5 2 8 7
1 . 0 0 0 0 0 0 1 , 0 0 0 0 0 0 - . 9 6 9 6 1 3 — . 9  6 4 4 8  6 . 0 0 5 1 - . 5 2 8 7
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P { 3 . 5 X - 2 . 1 T ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - ! - I ) / H
LAMBDA 5 0
LTAX= .1250000 INTERVAL( 0.0» 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT El
0.000000 O.ono^OO -.239103 -.238788 • 0003 -.1317• 250000 0,000000 -.573579 -.572817 .0007 -.1329•500000 0.000000 -1.375946 -1.374117 .0018 -.1329•750000 0.000000 -3.300724 -3.296337 .0043 -.13291.000000 0.000000 “ 7.918027 -7.907502 .0105 -.13290.000000 .250000 — .141443 -.141255 . 0001 -.1329•250000 .250000 -.339304 -.338854 .0004 -.1325.500000 .250000 -.813948 -.812866 .0010 -.1329•750000 .250000 — 1.952561 -1.949966 .0025 -.13291.000000 .250000 -4.683951 -4.677725 .0062 -.1329o.oooooo .500000 — .083671 -.083560 .0001 -.1329.250000 .500000 -.200717 -.200450 .0002 -.1329
.500000 .500n00 -.481495 -.480856 .0006 -.1328
.750000 .500000 -1.155048 -1.153513 .0015 -.13281.000000 .500000 -2.770816 -2.767134 .0036 -.1328
0.000000 .750000 -.049496 -.049430 0.0000 -.1329
.250000 .750000 -•118735 -.118577 .0001 -.1329
.500000 .750000 -.284031 -.284452 .0003 -.1329
.750000 .750000 -.683274 -.682367 .0009 -.1328
1.000000 .750000 -1.639091 -1.636913 .0021 -.1328
0.000000 ].000000 -.029279 -.029240 0.0000 -.1329
.250000 1 , 0 0 0 0 0 0 -.070238 -.070145 0,0000 -.1329
.  5 0 0 0 n o 1.OOOOOO — . 168493 -.168269 .0002 -.1329
.750000 1 . O O O O O O -.404194 -.403657 .0005 -.1330
1.00000 0 1.000000 -.969613 -.968323 .0012 -.1330
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I N T F G R A L  e q u a t i o n  w i t h  K E R N E L = E X P ( 3 . 5 X - 2 , i t ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
L A M B D A =
D F L T A X =
1.00
.2 500000 INTERVAL( 0 .0 , 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0,000000 0.000000 -.8458 19 -.830207 .0156 -1 .8457.250000 0.000000 -2.029014 -1.991564 .0374 -1.8457.500000 0.000000 -4.867353 -4.777516 .0898 -1.8457
.750000 o.oooooo- 1 1 .676174— 11.460664 .2 155 -1.8457
1 .000000 O.OOQOOO-■2 8.0 09686-27.49 2706 .5169 -1 .8457
0.000000 .250000 -.500348 -.491113 .0092 -1.8457
.250000 .250000 -1.200274 -1.178121 .0221 -1.8456.500000 .250000 -2.879309 -2.826165 .0531 -1.8457
.750000 .250000 -6.907103 -6.779618 .1274 -1.8457
1 .000000 .250000-■16.56928 0-16.263457 . 3058 -1.8457
0.000000 .500000 -.295984 -.290521 .0054 -1.8457
.250000 .500000 -.710028 -.696923 .0131 -1.8457
.500000 .500000 -1.703270 -1.671833 .0314 -1.8457
.750000 .500000 -4.085934 -4.010518 .0754 -1 .8457
1 .000000 .500000 -9.801646 -9.620736 .1809 -1.8457
0.000000 .750000 -.175090 -.171859 .0032 -1.8457
.250000 .750000 -.420021 -.412269 .0077 -1 .8457
.500000 .750000 -1.007578 -.988981 .0185 -1.8457
.750000 .750000 -2.417056 -2.372444 .0446 — 1.8457
1.000000 .750000 -5.798216 -5.691197 .1070 -1.8457
0.000000 1,000000 -.103575 -.101664 .0019 -1.8457
.250000 1.000000 -.248465 -.243880 . 0045 -1.8456
.500000 1.000000 -.596038 -.585037 .0110 -1.8457
.750000 1.000000 -1.429822 -1.403432 .0263 -1.8457
1.000000 i.000000 -3.429966 -3.366659 . 0633 -1.8457
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i n t e g r a l  e q u a t i o n  w i t h  K E R N E L = E X P ( 3 . 5 X - 2 . i t ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) ^ * - 1 - I ) / H
L A M B D A =
D F L T A X =
1.00
.1250000 INTERVAL( 0.0, 1.0)X T R-KFRNEL E S T IMATE ERROR PERCENT ERROR
0.000000 0.000000 -.8458 19 -.841854 .0039 — .4687.250000 0.000000 -2.029014 -2.019506 .0095 — .4686.500000 0.000000 “4,867353 —4.844544 .0228 — .46 86.750000 0.000000--11.676174-■11.621457 .0547 — .46861 .000000 0.000000--28,009686-■27.878428 .1312 -.46860.000000 .250000 -.500348 -.498004 .0023 — .46 86
.250000 .250000 -1.200274 -1.194649 .0056 — .46 86
.500000 .250000 -2.879309 -2.865816 .0134 — .4686
.750000 .250000 -6.907103 -6.874735 .0323 — .46861.000000 .250000--16,569280-■16.491635 .0776 — .46860.000000 .500noo -.295984 -.294597 .0013 — .46 86
.250000 ,500000 -.710028 -.706701 .0033 — .4686.500000 .500^00 -1.703270 -1.695288 .0079 — .4686
.750000 .500000 -4.085934 —4.066786 .0191 -.4686
1 .000000 .500000 -9.801646 -9.755715 .0459 — .4686
0.000000 .750000 -.175090 -.174270 .0008 — .46 8 6
.250000 .750000 -.420021 -.418053 .0019 — .46 86
.500000 .750000 -1.007578 -1.002857 .0047 — . 4686
.750000 .750000 -2.417056 -2.405729 .0113 — .46 8 6
1.000000 .750000 -5.798216 -5.771045 . 0271 — .4686
0.000000 1.OOOOOO -.103575 -.103090 .0004 -.4685
.250000 1,000000 -.248465 -.247301 .0011 — .4686
.500000 1 ,000000 -.596038 -.593245 .0027 — .4685
.750000 1 ,000000 -1.429822 -1.423122 . 0066 -.4685
1.000000 1,000000 -3.429966 -3.413894 .0160 — .46 8 5
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c EXAMPLE 3-3,3
C INTFGRAL EQUATION WITH KERNEL = E X P (-1•23 * X ~ .222* T )
C
f u n c t i o n  XKK(X,T)
XKK=EXPF(-1.2 3*X-0.222*T)
RETURN
END
C EXAMPLE 3-3,3
C RESOLVENT KERNEL FOR K(X,T)=EXP(-1,2 3*X-,222*T)
C
FUNCTION R (X »T,A)
R=-1.452*EXPF(-1.23*X“ ,222*T)/{-1,452+A*(1,-EXPF(-1.452)))*A
RETURN
END
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I N T F G R A L  E Q U A T I O N  W I T H  K E R N E L  =  E X P ( “ 1 . 2 3 X - . 2 2 2 T ) , C O M P A R I  S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( { I - L A M B D A * K E R N E L * H  ) 1 -  I  ) / H
LAMBDA=
d e l t a x =
-.50
.2500000 INTERVAL( 0.0, 1.0)X T R-KERNEL EST IMATE ERROR PERCENT ERROR
0 , 0 0 0 0 0 0 O.OOOOOO - . 3 9 5 6 5 1 - . 3 9 4 7 4 9 . 0 0 0 9 - . 2 2 7 8
. 2 5 0 0 0 0 o . o o o o o o - . 2 9 0 9 1 5 - . 2 9 0 2 5 1 . 0 0 0 6 - . 2 2 8 1
. 5 0 0 0 0 0 0 . 0 0 0 0 0 0 - . 2  1 3 9 0 5 - . 2 1 3 4 1 7 . 0 0 0 4 - . 2 2 8 1
. 7 5 0 0 0 0 o . o o o o o o - . 1 5 7 2 8 0 - . 1 5 6 9 2 2 . 0 0 0 3 - . 2 2 8 1
1 . 0 0 0 0 0 0 0.000000 - . 1 1 5 6 4 5 - . 1 1 5 3 8 2 . 0 0 0 2 - . 2 2 8 1
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 - . 3 7 4 2 9 0 -.373436 . 0 0 0 8 - . 2 2 8 1
. 2 5 0 0 0 0 . 2 5 0 0 0 0 - . 2 7 5 2 0 9 - . 2 7 4 5 8 2 . 0 0 0 6 - . 2 2 8 0
. 5 0 0 0 0 0 .250000 - . 2 0 2 3 5 6 - . 2 0 1 8 9 5 . 0 0 0 4 - . 2 2 8 1
. 7 5 0 0 0 0 . 2 5 0 0 0 0 - . 1 4 8 7 8 9 - . 1 4 8 4 5 0 . 0 0 0 3 - . 2 2 8 1
1 . 0 0 0 0 0 0 .250000 -.109402 - . 1 0 9 1 5 2 . 0 0 0 2 - . 2 2 8 1
0 . 0 0 0 0 0 0 . 5 0 0 0 0 0 - . 3 5 4 0 8 3 -.353275 . 0 0 0 8 - . 2 2 8 1
. 2 5 0 0 0 0 . 5 0 0 0 0 0 -.260351 - . 2 5 9 7 5 7 . 0 0 0 5 - . 2 2 8 1.500000 .500000 - . 1 9 1 4 3 2 - . 1 9 0 9 9 6 . 0 0 0 4 -.2278
. 7 5 0 0 0 0 . 5 0 0 0 0 0 — . 1 4 0 7  5 6 - . 1 4 0 4 3 5 . 0 0 0 3 - . 2 2 8 1
1 . 0 0 0 0 0 0 . 5 0 0 0 0 0 - . 1 0 3 4 9 6 - . 1 0 3 2 5 9 . 0 0 0 2 - . 2 2 8 1
0 . 0 0 0 0 0 0 . 7 5 0 0 0 0 -.334967 - . 3 3 4 2 0 3 . 0 0 0 7 -.2281
. 2 5 0 0 0 0 .750000 - . 2 4 6 2 9 5 -.245733 . 0 0 0 5 - . 2 2 8 1
. 5 0 0 0 0 0 . 7 5 0 0 0 0 - . 1 8 1 0 9 7 - . 1 8 0 6 8 3 . 0 0 0 4 - . 2 2 8 1
. 7 5 0 0 0 0 . 7 5 0 0 0 0 - . 1 3 3 1 5 7 - . 1 3 2 8 5 4 . 0 0 0 3 - . 2 2 7 3
1 . 0 0 0 0 0 0 . 7 5 0 0 0 0 - . 0 9 7 9 0 8 - . 0 9 7 6 8 5 . 0 0 0 2 - . 2 2 8 1
0 . 0 0 0 0 0 0 1.000000 - . 3  1 6 8 8 3 -.316160 . 0 0 0 7 - . 2 2 8 1
. 2 5 0 0 0 0 i . 0 0 0 0 0 0 - . 2 3 2 9 9 8 — , 2 3 2 4 6 7 . 0 0 0 5 - . 2 2 8 1
. 5 0 0 0 0 0 1 . 0 0 0 0 0 0 - . 1 7 1 3 2 0 - . 1 7 0 9 2 9 . 0 0 0 3 - . 2 2 8 1
. 7 5 0 0 0 0 1 . 0 0 0 0 0 0 -.125968 - . 1 2 5 6 8 1 . 0 0 0 2 - . 2 2 8 1
1 , 0 0 0 0 0 0 1 . 0 0 0 0 0 0 - . 0 9 2 6 2 2 -.092412 . 0 0 0 2 -.2265
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I N T F G R A L  E Q U A T I O N  W I T H  K E R N E L  =  E X P  ( - - 1  .  2  3 X - •  2  2 2  T  ) , C O M P  A R  I  S O N
O E  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBnA= 
n E L T A X =
■.501 2'̂ nooo I N T E R V A L ( O . n ,  1 . 0 )X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 - . 3 9 5 6 5 1 - . 3 9 5 4 2 8 . 0 0 0 2 - . 0 5 6 2
. 2 5 0 0 0 0 0 . 0 0 0 0 0 0 - . 2 9 0 9 1 5 - . 2 9 0 7 4 9 .0001 - . 0 5 7 2
. 5 0 0 0 0 0 0 . 0 0 0 0 0 0 - . 2  1 3 9 0 5 - . 2 1 3 7 8 2 . 0 0 0 1 - . 0 5 7 2
. 7 5 0 0 0 0 o . o o o o o o - . 1 5 7 2 8 0 -.157190 0 . 0 0 0 0 - . 0 5 7 2
1 . 0 0 0 0 0 0 0 . OOOOOO - . 1  1 5 6 4 5 -.115579 0 . 0 0 0 0 -.0572
O. OOOOOO . 2 5 0 0 0 0 - . 3 7 4 2 9 0 - . 3 7 4 0 7 6 . 0 0 0 2 - . 0 5 7 2
. 2 5 0 0 0 0 . 2 5 0 0 0 0 - . 2 7 5 2 0 9 - . 2 7 5 0 5 2 . 0 0 0 1 - . 0 5 6 9
. 5 0 0 0 0 0 . 2 5 0 0 0 0 - . 2 0 2 3 5 6 -.202241 . 0 0 0 1 - . 0 5 7 2
. 7 5 0 0 0 0 . 7 ^ 1 0 0 0 0 - . I 4 8 7 8 9 - . 1 4 8 7 0 4 0.0000 - . 0 5 7 2
1 . 0 0 0 0 0 0 . 2 5 0 1 0 0 - . 1 0 9 4 0 2 - ,  1 0 9 3 3 9 0 . 0 0 0 0 - . 0 5 7 2
0 . 0 0 0 0 0 0 .eOOOOO - . 3  5 4 0 8 7 - . 3 5 3 8 8 0 .0002 - . 0 5 7 2
.250000 .500000 - . 2 6 0 3 5 1 - . 2 6 0 2 0 2 .  0 0 0 1 - . 0 5 7 2
, 5 0 0 0 0 0 . 5 0 0 0 0 0 - . 1 9 1 4 3 2 - . 1 9 1 3 2 4 . 0 0 0 1 —. 0 5 6 0
. 7 5 0 0 0 0 . 5 0 0 0 0 0 “ .  1 4 0 7  5 6 —. 1 4 0 6 7 6 0 . 0 0 0 0 -.0572
1 . 0 0 0 0 0 0 .500000 —. 1 0 3 4 9 6 - . 1 0 3 4 3 6 0 . 0 0 0 0 - . 0 5 7 2
0 . 0 0 0 0 0 0 . 7 5 0 0 0 0 -.334967 -.334775 . 0 0 0 1 - . 0 5 7 2
.250000 . 7 5 0 0 0 0 - . 2 4 6 2 9 5 - . 2 4 6 1 5 4 . 0 0 0 1 -.0572
. 5 0 0 0 0 0 .750000 - . 1 8 1 0 9 7 - . 1 8 0 9 9 3 .  0 0 0 1 - . 0 5 7 2
. 7 5 0 0 0 0 . 7 5 0 0 0 0 -.133157 -.133082 0 . 0 0 0 0 - . 0 5 6 41 .OOOOOO . 7 5 0 0 0 0 - . 0 9 7 9 0 8 -.097852 0 . 0 0 0 0 - . 0 5 7 20.000000 1 . 0 0 0 0 0 0 -.316883 - . 3 1 6 7 0 1 . 0 0 0 1 - . 0 5 7 2
. 2 5 0 0 0 0 1 .OOOOOO - . 2 3 2 9 9 8 -.232865 . 0 0 0 1 - . 0 5 7 2
.500000 1.OOOOOO -.171320 - . 1 7 1 2 2 1 0 . 0 0 0 0 -.0572
.750000 1 . OOOOOO - . 1 2 5 9 6 8 -.125896 0 . 0 0 0 0 -.0572
1 . 0 0 0 0 0 0 1 . OOOOOO -.092622 -.092576 0 . 0 0 0 0 -.0503
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I N T F G R A L  E Q U A T I O N  W I T H  K E R N E L  =  F X P ( “ 1 . 2 3 X - . 2 2 2 T ) , C O M P A R I  S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBDA=
d e l t a x =
X
.50
.2500000
T
INTERVAL( 0.0* 1.0)
R-KERNEL ESTIMATE e r r o r  PERCENT ERROR
0 .  o o o o n n 0 . 0 0 0 0 0 0 . 5 7 9 1 0 7 . 6 8 1 7 8 2 . 0026 .3939
. 2 5 0 0 0 0 0 , OOOOOO , 4 9 9 3 3 5 .501303 . 0 0 1 9 .  3 9 4 0
. 5 0 0 0 0 0 o.oooooo . 3 6 7 1 5 3 . 3 6 8 5 9 9 . 0 0 1 4 . 3 9 4 0
. 7 5 0 0 0 0 0 . OOOOOO . 2 6 9 9 6 1 . 2 7 1 0 2 5 . 0 0 1 0 .  3 9 4 0
1 . 0 0 0 0 0 0 0 , 0 0 0 0 0 0 . 1 9 8 4 9 7 . 1 9 9 2 8 0 .0007 .  3 9 4 0
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 . 6 4 2 4 4 3 , 6 4 4 9 7 4 . 0 0 2 5 . 3940
. 2 5 0 0 0 0 . 2 5 0 0 0 0 .472377 .474238 . 0 0 1 8 .  3 9 3 9
. 5 0 0 0 0 0 . 2 5 0 0 0 0 . 3 4 7 3 3 1 . 3 4 8 6 9 9 . 0 0 1 3 . 3940
. 7 5 0 0 0 0 .250000 .255386 .256392 . 0 0 1 0 . 3 9 4 0
1 . 0 0 0 0 0 0 .250000 . 1 8 7 7 8 1 . 1 8 8 5 2 1 . 0 0 0 7 .  3 9 4 0
0 . 0 0 0 0 0 0 .500000 . 6 0 7 7 5 9 . 6 1 0 1 5 3 . 0 0 2 3 .  3 9 4 0
. 2 5 0 0 0 0 .500^00 .446874 .448635 . 0 0 1 7 .  3 9 4 0.500000 . S OO n O O .328579 .329873 .0012 .  3 9 3 7
. 7 5 0 0 0 0 . 5 0 0 0 0 0 .241598 . 2 4 2 5 5 0 . 0 0 0 9 .  3 9 4 0
1 . O O O O O O .500000 . 1 7 7 6 4 3 . 1 7 8 3 4 3 . 0 0 0 6 . 3 9 4 0
d . O O O O O O . 7 5 0 0 0 0 .574947 .577212 . 0 0 2 2 .3940
. 2 5 0 0 0 0 .750000 .422749 . 4 2 4 4 1 4 . 0 0 1 6 . 3940
. 5 0 0 0 0 0 .750^00 .3 10840 .312064 . 0 0 1 2 .  3 9 4 0
. 7 5 0 0 0 0 . 7 5 0 0 0 0 . 2 2 8 5 5 5 . 2 2 9 4 5 5 .0008 . 3936
1 . 0 0 0 0 0 0 . 7 5 0 0 0 0 . 1 6 8 0 5 2 . 1 6 8 7 1 5 . 0 0 0 6 .  3 9 4 0
0 . 0 0 0 0 0 0 1 . 0 0 0 0 0 0 .543907 . 5 4 6 0 5 0 . 0 0 2 1 .  3 9 4 0
. 2 5 0 0 0 0 1 . 0 0 0 0 0 0 .399925 . 4 0 1 5 0 1 . 0 0 1 5 .  3 9 4 0
. 5 0 0 0 0 0 1 . 0 0 0 0 0 0 . 2 9 4 0 5 8 .295217 . 0 0 1 1 . 3 9 4 0
. 7 5 0 0 0 0 Ï  . O O O O O O .216216 .217068 . 0 0 0 8 .  3 9 4 0
I . 0 0 0 0 0 0 1 . o o o n o o . 1 5 8 9 8 0 . 1 5 9 6 0 4 .0006 . 3 9 2 9
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L  =  E X P < - 1 • 2 3 X - . 2 2 2 T ) » C O M P A R I  S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) » * - 1 - I ) / H
LAMBDA = .50
OELTAX= .1250000 INTERVAL( 0.0* 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0,000000 .679107 .679771 .0006 .0977.250000 0.OOOOOO .499335 .499826 . 0004 .0983.500000 0,OOOOOO .367153 .367514 .0003 .0983.750000 0.000000 ,269961 .270226 .0002 .09831.000000 0,000000 .198497 .198693 .0001 .09830.000000 .250000 .642443 .643075 .0006 .0983.250000 .250000 .472377 .472840 .0004 .0980.500000 .250000 .347331 .347672 .0003 .0983.750000 .250000 .255386 .255637 .0002 .09831.000000 .250000 .187781 .187966 .0001 .09830.000000 .500000 .607759 .608357 .0005 .0983.250000 .500000 .446874 .447314 . 0004 .0983.500000 .500000 .328579 .328900 .0003 .0975.750000 .500000 .241598 .241836 .0002 .0983
1.000000 .500000 .177643 .177818 .0001 .0983
0.000000 .750000 .574947 .575513 .0005 .0983.250000 .750000 .422749 .423164 .0004 .0983
.500000 .750000 .310840 .311145 .0003 .0983
.750000 .750000 .228555 .228776 .0002 .0968
1.000000 .750000 .168052 .168218 .0001 .0983
o.oooooo 1.OOOOOO .543907 .544442 . 0005 .0983
.250000 1.000000 .399925 .400318 . 0003 .0983
.500000 ].OOOOOO .294058 .294347 .0002 .0983
.750000 1.000000 .2 16216 .216428 .0002 .0983
1 .000000 1 .OOOOOO .158980 .159128 .0001 .0930
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I N T F G R A L  F Q U A T I O N  W I T H  K E R N F L = F X P ( - 1 . 2 3 X - . 2 2 2 T ) , C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) / H
L A M B D A =
D E L T A X =
1 . 5 0
. 2 5 0 0 0 0 0 INTERVAL( 0.0, 1.0)X T R-KERNEL e s t i m a t e ERROR PERCENT ERROR
0 . 0 0 0 0 0 0 0.ooonoo 7 . 1 8 4 5 0 5 7 . 4 9 5 7 4 0 . 3 1 1 2 4 . 3 3 2 0
. 2 5 0 0 0 0 0 . o o o n o o 5 . 2 8 2 6 4 3 5 . 5  1 1 4 8 9 . 2 2 8 8 4 , 3 3 2 0
. 5 0 0 0 0 0 0 , 0 0 0 ^ 0 0 3 . 8 8 4 2 3 7 4 . 0 5 2 5 0 3 . 1682 4 . 3 3 2 0
. 7 5 0 0 0 0 0 , 0 0 0 0 0 0 2 . 8 5 6 0 1 3 2 . 9 7 9 7 3 6 . 1 2 3 7 4 . 3 3 2 01 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 2 . 0 9 0 9 7 7 2.190949 . 0 9 0 9 4 . 3 3 2 0
0 . 0 0 0 0 0 0 .250000 6 , 7 9 6 6 2 7 7 . 0 9 1 0 6 1 . 2 9 4 4 4 , 3 3 2 0
. 2 5 0 0 0 0 . 2 5 0 0 0 0 4 . 9 9 7 4 4 3 5.213935 . 2  1 6 4 4 . 3 3 2 0
. 5 0 0 0 0 0 . 2 5 0 0 0 0 3 . 6 7 4 5 3 5 3 , 8 3 3 7 1 7 . 1 5 9 1 4 . 3 3 2 0
. 7 5 0 0 0 0 . 2 5 0 n o o 2 . 7 0 1 8 2 2 2 . 8 1 8 8 6 6 . 1 1 7 0 4.33201 . 0 0 0 0 0 0 , 2 5 0 0 0 0 1 . 9 8 6 6 0 3 2.072664 . 0 8 6 0 4 . 3 3 2 0
0 . 0 0 0 0 0 0 . 5 0 0 0 0 0 6.429691 6 . 7 0 8 2 2 8 . 2 7 8 5 4.3320.250000 . 5 0 0 0 0 0 4.727642 4 . 9 3 2 4 4 5 . 2 0 4 8 4.3320
. 5 0 0 0 0 0 . 5 0 0 0 0 0 3 . 4 7 6 1 5 4 3 . 6 2 6 7 4 1 . 1 5 0 5 4 . 3 3 2 0
.750000 . 5 0 0 0 0 0 2.555956 2 .  6 6 6 6 8 1 .  1 1 0 7 4 . 3 3 2 0
1 . o o o n o o . 5 0 0 0 0 0 1 . 8 7 9 3 5 1 1 . 9 6 0 7 6 5 . 0 8 1 4 4 . 3 3 2 0
0 . O O O n n o . 7 5 0 0 0 0 6 . 0 8 2 5 6 5 6 , 3 4 6 0 6 5 .2634 4 . 3 3 2 0
. 2 5 0 0 0 0 . 7 5 0 0 0 0 4 . 4 7 2 4 0 6 4 . 6 6 6 1 5 2 . 1 9 3 7 4 . 3 3 2 0
.500000 . 7 5 0 0 0 0 3 . 2 8 8 4 8 3 3 . 4 3 0 9 4 2 . 1 4 2 4 4 . 3 3 2 0
. 7 5 0 0 0 0 . 7 5 0 0 0 0 2 . 4  1 7 9 6 5 2 . 5 2 2 7 1 2 . 1 0 4 7 4 . 3 3 1 9
1 . 0 0 0 0 0 0 . 7 5 0 0 0 0 1 . 7 7 7 8 8 8 1 . 8 5 4 9 0 7 . 0 7 7 0 4 . 3 3 2 0
0 . 0 0 0 0 0 0 1 . OOOOOO 5 . 7 5 4 1 8 0 6 . 0 0 3 4 5 3 . 2 4 9 2 4 . 3 3 2 0
. 2 5 0 0 0 0 1 . 0 0 0 0 0 0 4 . 2  3 0 9 5 0 4 . 4 1 4 2 3 6 . 1 8 3 2 4 . 3 3 2 0
.500000 1 .OOOOOO 3 . 1 1 0 9 4 5 3 . 2 4 5 7 1 2 .  1 3 4 7 4 . 3 3 2 0
.  7  5 0 0  n 0 1 , 0 0 0 0 0 0 2.287424 2 . 3 8 6 5 1 6 . 0 9 9 0 4 . 3 3 2 0
1 . o o o o n n ] . o o o n o o 1 . 6 8 1 9 0 4 1 . 7 5 4 7 6 1 . 0 7 2 8 4 . 3 3 1 8
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i n t e g r a l  e q u a t i o n  w i t h  K E R N E L = E X P ( - 1 . 2 3 X ^ , 2 2 2 T ) * C 0 M P A R I S 0 N
O F  r e s o l v e n t  K E R N f L  a n d  ( ( I - L A M B D A * K E R N E L * H  ) / h
L A M B D A  =
D F L T A X =
1 .50
.1250000 INTERVAL( 0.0, 1.0)x T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 O.OOOOOO 7.184505 7.259980 .0754 1 .0505.250000 0.000000 5.282643 5.338141 .0554 1.05 05.500000 O.OOOOOO 3.884237 3.925043 . 0408 1.0505.750000 0.000000 2.856013 2.886017 .0300 1.05 051.000000 0.000000 2.090977 2.122039 .0220 1.05050 .OOOOOO .250000 6.796627 6 .868031 .0714 1.0505.250000 .250000 4.997443 5.049944 .0525 1.0505.500000 .250000 3.674535 3.713138 .0386 1 .0505.750000 .250000 2.701822 2.730207 .0283 1 .05051.000000 .250000 1.986603 2 .007474 . 0208 1.05050.000000 . 500O00 6.429691 6.497240 .0675 1.0505.250000 . 500000 4.727642 4.777309 .0496 1.0505.500000 .500000 3.476154 3,512671 .0365 1.0504
.750000 .500000 2.555956 2.582808 .0268 1.0505
1.000000 .500000 1.879351 1.899095 .0197 1.0505
0.000000 .750000 6.082565 6.146467 .0639 1.0505.250oon .750000 4.472406 4.519391 .0469 1.0505.500000 .75On00 3.288483 3.323031 .0345 1.0505
.750000 .750000 2.417965 2.443364 .0253 1.0503
1.000000 .750000 1.777888 1.796566 .0186 1.0505
0.000000 1 .OOOOOO 5.754180 5.814632 . 0604 1.0505
.250000 Î,OOOOOO 4.239950 4.275399 . 0444 1.0505
.500000 1.000000 3.110945 3.143627 .0326 1.0505
.750000 1 .000000 2.287424 2.311455 .0240 1 .0505
1.000000 1.000000 1.681904 1.699564 .0176 1.0500
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I N T F G R A L  F Q U A T I O N  W I T H  K E R N E L  =  F X P ( - 1 . 2 3 . 2 2 2 T ) , C O M P A R I  S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) ^ * - 1 - I ) / H
LAMRDA = 
DPLTAX = 
X
2.50
.2500000
T
INTERVAL( 0.0, 1.0)
R - K E R N E L  E S T I M A T E
0.000000 
.250000 
.500000 
.750000 
1.000000 
0.000000 
.250000 
.500000 
.750000 
1.000000 
O . O O O O O O  
.250000 
.500000 
.750000 
1.000000 
0.000000 
.250000 
.500000 
.750000 
1.000000 
0.000000 
.250000 
.500OO0 
.750000 
1.000000
O . o o o n o o  
0.o o o n o o  
0 .o o o n o o  
0.000000 
0.000000 
.250000 
.250000 
.250000 
, 250000 
.250000 
.5OQO00 
.50QO00 
.500000 
.500000 
.500000 
.750000 
.750000 
,750000 
.750000 
.750000 
) . O O O O O O
1 . 0 0 0 0 0 0  
1 . O O O O Q O
1.000000 
1 .000000
— 7.R 444 76 
-5.767908 
-4.241044 
-3.118367 
-2.292882 
“7.420968 
-5,456510 
-4.012079 
-2.950013 
-2.169094 
-7.020325 
-5. 16192 5 
-3.795475 
-2.790747 
-2.051989 
-6.641312 
-4.883243 
-3.590565 
— 2.640080 
-1.941206 
-6.282761 
-4.619606 
-3.396717 
-2.497548 
— 1.836404
-7.504261 
-5.517755 
— 4.057110 
-2.983123 
-2.193439 
-7.099121 
— 5.219862 
-3.838075 
-2.822070 
-2.075020 
-6.715854 
-4.9R8052 
-3.630864 
-2 .669712 
-1.962994 
-6.353278 
-4.671456 
-3.434841 
-2.525580 
-1.857015 
-6.010277 
-4.419254 
-3.249401 
-2.389229 
-1 .756760
ERROR PERCENT ERROR
.3402
. 2501 
.1839 
.1352 
. 0994 
.3218 
• 2 3 6 6 
. 1 740 
.1279 
.0940 
. 3044 
.2238 
. 1 646 
.1210 
.0889 
.2880 
.2117 
.1557 
. 1145 
.0841 
.2724 
.2003 
.1473 
.1083 
.0796
— 4.3369 
-4.3369 
-4,3370 
-4.3370 
-4.3370 
-4.3369 
-4 .3369 
-4.3370 
-4.3370 
-4.3370 
-4.3369 
-4.3369 
-4.3370 
“ 4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4.3370 
-4,3369
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N F L  =  F X P ( - 1 . 2 3 X - . ? 2 2 T ) , C O M P A R I  S O N
O F  R E S O L V E N T  K E R N E L  A N D  U  I - L A M B D A ^ K E R N E L ^ H ) * * - 1  - I ) / H
L A M B D A =
DELTAX=
X
2. 50
.1250000 
T INTERVAL( 0.0, 1.0) R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 O.OOOOOO -7.844476 — 7.7 56424 .0880 -1.1224.250000 O.OOOOOO -5.767908 -5.703165 .0647 -1.1224.500000 O.OOOOOO —4- .241044 -4.193439 . 0476 -1.1224.750000 O.oooooo -3.118367 -3.083363 .0350 -1.12241.000000 0.000000 -2.292882 -2.267144 .0257 -1.12250.000000 .250000 -7.420968 -7.337670 .0832 -1.1224.250000 .250000 -5.456510 -5.395263 .0612 -1.12 2 4.500000 ,250000 -4.012079 — 3.96 7 044 . 0450 -1 . 1224.750000 .250000 -2.950013 -2.916899 .0331 -1.12241.000000 .250000 -2.169094 -2.144746 .0243 -1.12240.000000 .500000 -7.020325 -6.941524 .0788 -1. 1224
.250000 .500000 -5.16192 5 -5 .103983 .0579 -1 .1224.500000 .500000 -3.795475 -3.752872 .0426 -1 . 1224.750000 .500000 -2.790747 -2.759421 .0313 -1.12241.000000 .500000 -2.051989 -2 .028955 .0230 -1.1224
0.000000 .750000 -6.641312 -6.566765 .0745 -1 .1224.250000 .750000 -4.883243 -4.828429 .0548 -1 . 1224.500000 .750000 -3.590565 -3.550261 .0403 -1.1224
.750000 .750000 -2.640080 — 2.610448 .0296 -1.1224
1.000000 .750000 -1.941206 -1.919416 .0217 -1.1224
0.000000 1.000000 -6.282761 -6.212238 .0705 -1.1224
.250000 1.000000 -4.619606 -4.567752 .0518 -1.1224
.500000 1.000000 -3.396717 -3.358589 .0381 -1. 1224
.750000 1.OOOOOO -2.497548 -2.469513 .0280 -1 .1225
1.000000 1.000000 -1.836404 -1.815796 .0206 -1.1221
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c EXAMPLE 3-3,4
C i n t e g r a l  EQUATION WITH KERNEL = E X P {1,5*X-2,9 * T )C
FUNCTION XKK(X,T)
XKK=EXPF(1.5*X-2.9*T)
RETURN
END
C EXAMPLE 3-3.4
C RESOLVENT KERNEL FOR K <X , T ) = E X P (1.5*X-2.9 * T )
C
FUNCTION R(X»T,A)
R= - l . 4 * E X P F (],5*X-2.9*T)/(-1.4 + A * (1.-E X P F (-1.4)))*A
RETURN
END
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INTEGRAL EQUATION WITH KERNEL=EXP(1.5X-2.9 T )* COMPARISON 
OF RESOLVENT KERNEL AND ( ( I-LAMBDA*KERNEL*H ) ■»•*-1 - 1 )/H 
LAMBDA= -.50
DELTAX= .2500000 INTERVAL( 0.0* 1.01X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0,000000 -.393988 -.393140 .0008 -.2151.250000 0,000000 -.573249 -.572014 .0012 -.2155.500000 0 .ooonoo -.834073 -.832275 .0017 -.2155.750000 0.000000 -1.213570 -1 .210954 .0026 -.21551.000000 0 .ooonoo -1.765734 -1.761927 .0038 -.21550.000000 .250nOO -.190818 -.100407 .0004 -.2155.250000 .250000 -.277639 -.277040 .0005 -.2154.500000 .250n00 -.403962 -.403091 .0008 -.2155.750000 .250000 -.587761 -.58 6494 .0012 -.2155
1.000000 . 250n00 -.855188 -.853345 .0018 -.2155
0.000000 .500000 -.092417 -.092218 .0001 -.2155
.250000 .500000 -.134467 -.134177 .0002 -.2155
.500000 .500000 -.195648 -.195227 . 0004 -.2153
.750000 .500000 -.284667 -.284053 . 0006 -.2155
1.000000 .500000 -.4 14188 -.413295 .0008 -.2155
0.000000 .750000 — .044760 -.044663 0,0000 -.2155
.250000 .750000 -.065125 -.064985 .0001 -.2155.500OOn .750000 -.094757 -.004553 .0002 -.2155
,750000 .750000 -.137871 -.137574 .0002 -.2151
1 .OOOoon .750000 -.200601 -.200169 ,0004 -.2155
0 .oooonn 1 . O O O O O O -.021678 -.021631 0,0000 -.2155
.250000 1 .000000 -.031542 — .031474 0.0000 -.2155
.500000 1.OOOOOO -.045893 -.045794 0.0000 -.2155
.750000 1 .OOOOOO -.066774 — .066630 .0001 -.2155
1.000000 1 .OOOOOO -.097156 -.096948 .0002 -.2136
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i n t e g r a l  F Q U A T I O N  W I T H  K E R N F L = E X P ( 1 . 5 X - 2 . 9 T ) ♦  C O M P A R I S O N
O F  r e s o l v e n t  k e r n e l  a n d  ( ( I - L A M B D A * K E R N E L * H ) ^ * - 1 - 1 ) / H
l a m b d a =
d f l t a x =
.50
1250000 INTERVAL( 0.0» 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0.000000 -.393988 -.393777 .0002 -.0535.250000 0.OOOOOO -.573249 -.572940 .0003 -.0540.500000 0 .OOOOOO -.834073 -.833622 . 0004 -.0540.750000 O.OOOOOO -1.2 13570 -1 .212913 .0006 — .0540I.OOOnoo 0,OOOOOO -1.765734 -1.764779 .0009 -.0540O.OOOOOO .250000 -.190818 -.190715 .0001 -.0540.250000 .250000 -.277639 -.277490 .0001 -.0535,500ono .250000 -.409962 -.403743 .0002 — .0540.750000 .250000 -.587761 -.587443 .0003 -.05401.000000 .250000 -.855188 -.854726 .0004 — .0 5 400 .ooooon . ROOOOO -.092417 -.092368 0.0000 -.0540.250000 .500000 -.134467 -.134394 0.0000 -.0540.500000 .500000 -.195648 -.195545 .0001 -.0527
.750000 .500000 -.284667 -.284513 .0001 -.05401.OOOOOO .500000 -.4 14188 -.413964 .0002 -.0540o.oooooo .750000 — .044760 -.044736 0.0000 -.0540,250000 .750000 -.065125 — .065090 0.0000 — .0540
.500000 .750000 -.094757 -.094706 0.0000 -.0541
.750000 .7E0O00 -.137871 -.137800 0.0000 -.05 18
1.000000 .750000 - . 2 00601 -.200493 .0001 -.0540O.OOOOoo 1.OOOOOO -.02 1678 -.021666 0.0000 -.0540.250000 1 .OOOOOO -.03 1542 -.031525 0.0000 -.0540.500000 1.OOOOOO -.045893 -.045868 0.0000 — .0540
- 750000 1 .OOOOOO -.066774 -.066738 0.0000 — .05 401 .OOOOOO 1 .000000 -.097156 -.097108 0.0000 -.0489
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I N T E G R A L  F Q U A T I O N  W I T H  K E R N E L = F X P ( 1 . 5 X - 2 • 9 T ) » C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  { ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
LAMBDA= .50 
DFLTAX= .2500000 INTERVAL( 0.0, 1.0)X T R-KERNEL e s t i m a t e ERROR PERCENT ERROR
0 .OOOOr'O 0 .ooonoo .684062 .686636 .0025 .3762.250000 0 .OOOOOO .995804 .999051 .0037 .3764.500000 0.000000 1 .448160 1.453611 .0054 .3764.750000 O.OOOOOO 2,107060 2.114991 .0079 .37641 .000000 0 .OOOOOO 3 .065754 3 .077294 .0115 .3764O.OOOOOO .250000 .331308 .332555 .0012 .3764.250000 .250000 .482050 .483864 .0018 .3763.500000 .250000 .701379 .704019 . 0026 .3764.750000 .250000 1.020501 1.024342 .0038 .37641.000000 .250000 1.484820 1.490409 .0055 .3764O.OOOOOO .FOOnOO .160460 .161064 .0006 . 3764.250000 .FOOnOO .233468 ,234347 .0008 . 3764.500000 . 500000 .339695 .340973 .0012 .3761.750000 .50OO00 .494253 .4061 14 .0018 . 37641.000000 .500000 .719134 .721841 .0027 .37640.000000 .750000 .077715 .078007 .0002 . 3764.250000 .750000 .113074 .113500 . 0004 .3764.500000 .750000 .164522 .165142 .0006 .3764.750000 ,750000 .239379 .240279 .0009 . 37611.000000 .750000 .348294 .349605 .0013 , 3764
o . o o o o o o 1 .ooonoo .037639 .037781 .0001 .3764
.250000 ] . o o o n o o .054764 .054971 .0002 .3764
.500000 I .ooonoo .079682 .079982 .0002 .3764
.750000 1 .ooonoo .1 15937 . 116373 .0004 . 3764
1 . OOOOOO 1.ooooon .168687 . 1 6 9 3 2 0 .0006 . 3753
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i n t e g r a l  F Q U A T I O N  W I T H  K E R N F L = F X P ( 1 . 5 X - 2 . 9 T ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K F R N F L  A N D  < ( I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
L A M R D A =
D F L T A X =
.50 
.1750000 INTERVAL( 0.0» 1.0)X T R-KERNEL EST IMATE ERROR PERCENT ERROR
0.000000 0.000000 .654062 .684700 .0006 .0933.250000 0.000000 .995304 .996240 .0009 .0939.500000 o.oooooo 1.448160 1.449520 .0013 .0939.750000 o.oooooo 2.107060 2.109039 .0019 .09391 .oooonn 0.000000 3.065754 3.068635 . 0028 .09390 .oooonn .250000 .331308 .331619 .0003 .0939.250000 .250000 .482050 .482502 . 0004 .0937.500000 ,250000 .701779 .702038 .0006 .0939.750000 .250000 1.020501 1.021459 .0009 .09391.000000 .250000 1.484820 1.486215 .0013 .09390.000000 .500000 .160460 .160611 .0001 .0939.250000 .500000 .233468 .233688 .0002 .0939.500000 . 500000 .3 39695 .340012 .0003 .0932.750000 .500000 .494253 ,494718 .0004 .0939
1 .ooonoo .500000 .719134 .719810 .0006 .0939
o.oooooo ,750000 .077715 .077788 0.0000 .0939.250000 .750000 .113074 .11318 0 .0001 .0939
.500000 .750000 .164522 .164677 .0001 .0939.750000 .750000 .239379 .239600 .0002 .09251.000000 .750000 ,348294 .348621 .0003 .0939
0 .oooonn 1 . 0 0 0 n 0 0 .0 37679 .077674 0.0000 .0939
.250000 Î . OOOOOO .054764 .054816 0.0000 .0939
.500000 I . OOOOOO .079682 .079757 0.0000 .0939
.750000 1 .000000 . 1 15937 .116046 .0001 .0939
1 . O O O O O O 1 . o o n o Q o .168687 .168835 .0001 .0874
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I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P ( 1 • 5 X - 2 • 9 T ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( { I - L A M B D A * K E R N E L * H ) ) / H
L A M B D A =
D F L T A X =
1 . 5 0
. 2 5 0 0 0 0 0 INTERVAL( 0.0, 1.0)X T R-KFRNEL ESTIMATE ERROR PERCENT ERROR
0 . 0 0 0 0 0 0 0 . o o o n o o 7 . 7 8 0 7 9 2 8 . 1 2 7 4 8 1 .3466 4 . 4 5 5 7
. 2 5 0 0 0 0 0 . 0 0 0 0 0 0 1 1 . 3 2 0 9 8 5 1 1 . 8 2 5 4 1 5 . 5 0 4 4 4 . 4 5 5 7
. 5 0 0 0 0 0 0 . o o o n o o 16.471936 1 7 . 2 0 5 8 7 7 . 7 3 3 9 4 . 4 5 5 7
. 7 5 0 0 0 0 O.OOOOOO 23.966526 25  . 0 3 4 4 0 4 1 . 0 6 7 8 4 . 4 5 5 71 . 0 0 0 0 0 0 o . o o o o o o 3 4 . 8 7 1 0 8 9 3 6 . 4 2 4 8 4 0 1 . 5 5 3 7 4 . 4 5 5 6
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 3 . 7 6 8 4 2 8 3 . 9 3 6 3 3 9 . 1 6 7 9 4 . 4 5 5 7
. 2 5 0 0 0 0 .250000 5 . 4 8 3 0 3 1 5 . 7 2 7 3 3 9 . 2 4 4 3 4 . 4 5 5 7
. 5 0 0 0 0 0 . 2 5 0 0 0 0 7.977763 8 . 3 3 3 2 2 9 . 3 5 5 4 4 . 4 5 5 7
. 7 5 0 0 0 0 . 2 5 0 0 0 0 1 I  . 6 0 7 5 7 6 12 .  1 2 4 7 7 7 . 5 1 7 2 4 . 4 5 5 71 . 0 0 0 0 0 0 .250000 1 6 . 8 8 8 9 2 4 1 7 . 6 4 1 4 4 6 .7525 4 . 4 5 5 7O.OOOOOO .500000 1 .825142 1.906465 . 0 8 1 3 4 . 4 5 5 7
. 2 5 0 0 0 0 . 5 0 0 0 0 0 2.655566 2 . 7 7 3 8 9 0 . 1 1 8 3 4.4557
. 5 0 0 0 0 0 . 5 0 0 0 0 0 3.863826 4 . 0 3 5 9 8 6 . 1 7 2 1 4 . 4 5 5 6
. 7 5 0 0 0 0 .500000 5.621834 5.872326 . 2 5 0 4 4 . 4 5 5 71 . 0 0 0 0 0 0 .500000 8.179721 8 . 5 4 4 1 8 4 .  3 6 4 4 4 . 4 5 5 6O.OOOOOO . 7 5 0 0 0 0 . 8 8 3 9 6 1 .923348 . 0 3 9 3 4 . 4 5 5 7
. 2 5 0 0 0 0 . 7 5 0 0 0 0 1 . 2 8 6 1 5 6 1 , 3 4 3 4 6 3 . 0 5 7 3 4 . 4 5 5 7
.500000 .750000 1.871346 1 . 9 5 4 7 2 7 . 0 8 3 3 4 . 4 5 5 6
.750000 . 7 5 0 0 0 0 2.722792 2.844111 . 1 2 1 3 4 . 4 5 5 6
1 . o o o n o o .750000 3.961640 4 . 1 3 8 1 5 8 . 1 7 6 5 4 . 4 5 5 6
o.oooooo 1 . 0 0 0 0 0 0 , 4 2 8 1 2 4 . 4 4 7 2 0 0 . 0 1 9 0 4.4556
.250000 1 .OOOOOO .622917 . 6 5 0 6 7 2 . 0 2 7 7 4 . 4 5 5 7
.500000 I.OOOOOO . 9 0 6 3 3 8 . 9 4 6 7 2 2 . 0 4 0 3 4 . 4 5 5 6
. 7 5 0 0 0 0 1 .OOOOOO 1 . 3 1 8715 1 . 3 7 7 4 7 3 .0587 4 . 4 5 5 7
1.000000 1 .OOOOOO 1 . 9 1 8 7 1 9 2 . 0 0 4 2 0 8 . 0 8 5 4 4 . 4 5 5 5
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I N T E G R A L  EQUATION W I T H  K E R N E L = F X P ( 1 • 5 X - 2 . 9 T ) ♦  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  U  I - L A M B D A * K E R N E L  * H  ) * - » ■ - 1 -  I  ) / H
L A M B D A  =
D F L T A X =
1 .50
.1250000 INTERVAL( 0.0, 1.0)X T R-KERNEL ESTIMATE ERROR PERCENT ERROR
0.000000 0.000000 7.780792 7.864779 .0839 1.0794.250000 0.000000 11.320985 11.443191 .1222 1.0794.500000 0 ,000000 16.471936 16 .649744 .1778 1 .0794.750000 0.000000 23.966526 24.225234 .2587 1 .07941 .nooonn 0 .ooonoo 34.871089 35.247508 .3764 1 .07940 .oooonn , 25OnO0 3.768428 3.809107 .0406 1.0794.250000 .250000 5.483031 5.542217 .0591 1.0794.500000 .250000 7.077763 8.063880 .0861 1 .0794.750000 .250000 11.607576 11.732876 .1253 1.07941 .000000 .250000 16.888924 17.071234 .1823 1.07940.000000 . 500000 1.825142 1.844844 .0197 1.0794.250000 .500000 2.655566 2.684232 .0286 1.0794
.500000 .500000 3.863826 3.905532 .0417 1.0793
.750000 .500000 5.621834 5.682520 .0606 1.07941 .000000 .500000 8.179721 8.268018 .0882 1.07940.000000 .750000 .883961 .893503 .0095 1 .0794
.250000 .750000 1.286156 1.300039 .0138 1 .0794
.500000 .750000 1.871346 1.891546 .0202 1.0794
.750000 .750000 2.722792 2.752180 .0293 1.07931 .OOOOOO .750000 3.961640 4.004404 .0427 1.0794
0.000000 1.000000 .428124 .432745 .0046 1.0794
.250000 I.000000 .622917 .629641 .0067 1 .0794
.500000 1.000000 .906338 .916122 .0097 1.0794
.750000 1 .000000 1.318715 1 .332950 .0142 1 .0794
1.000000 1.OOOOOO 1 .918719 1 .939425 .0207 1.0791
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I N T E G R A L  F Q U A T I O N  W J T H  K E R N E L = F X P ( 1 . 5 X - 2 . 9 T ) ,  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( { I - L A M B D A * K E R N E L * H ) * * - 1 - I ) / H
L A M B D A =
d f l T A X =
X
1 . 50
.06?snoo
T INTERVAL! 0.0» 1.0) R-KERNEL ESTIMATE ERROR PERCENT ERROR
0  .oooonn 0 ,  noo'^oo 7 . 7 8 0 7 9 2 7 . 8 0 1 6 0 3 . 0 2 0 8 .  2 6 7 4
. 2 5 0 0 0 0 0 . 0 0 0 0 0 0 I 1 . 3 2 0 9 8 5 1 1 . 3 5  1 2 8 2 . 0 3 0 2 .  2 6 7 6
. 5 0 0 0 0 0 0 . o o o n o o 1 6 . 4 7 1 9 3 6 1 6 . 5 1 6 0 1 7 .  0 4 4 0 . 2 6 7 6
. 7 5 0 0 0 0 O . O O O O O O 2 3 . 9 6 6 5 2 6 2 4 . 0 3 0 6 6 4 . 0 6 4 1 . 2 6 7 6
1 . 0 0 0 0 0 0 0 . 0 0 0 0 0 0 3 4 . 8 7 1 0 8 9 3 4 . 9 6 4 4 1 6 . 0 9 3 3 . 2 6 7 6
0 . 0 0 0 0 0 0 . 2 5 0 0 0 0 3 . 7 6 8 4 2 8 3 . 7 7 8 5 1 4 . 0 1 0 0 .  2 6 7 6
. 2 5 0 0 0 0 . 2 5 0 0 0 0 5 . 4 8  3 0 3 1 5 . 4 9 7 7 0 0 . 0 1 4 6 . 2 6 7 5
. 5 0 0 O 0 0 . 2 5 0 0 0 0 7 . 9 7 7 7 6 3 7 . 9 9 9 1 1 3 . 0 2 1 3 .  2 6 7 6
. 7 5 0 0 0 0 . 2  5 0 0 Q 0 1 1 , 6 0 7 5 7 6 1 1  . 6 3 8 6 4 1 . 0 3 1 0 . 2 6 7 6
1 . 0 0 0 0 0 0 . 2 5 0 0 0 0 1 6 . 8 8 8 9 2 4 1 6 . 9 3 4 1 2 4 . 0 4 5 2 .  2 6 7 6
0 . 0 0 0 0 0 0 . 5 0 0 0 0 0 1 . 8 2 5 1 4 2 1 . 8 3 0 0 2 7 . 0 0 4 8 .  2 6 7 6
. 2 5 0 0 0 0 .  soo'-'on 2 . 6 5 5 5 6 6 2 . 6 6 2 6 7 4 . 0 0 7 1 .  2 6 7 6
. 5 0 0 O O O . 5 0 0 0 0 0 3 . 8 6 3 8 2 6 3 . 8 7 4 1 5 8 . 0 1 0 3 . 2 6 7 3
. 7 5 0 0 0 0 . 5 0 0 0 0 0 5 . 6 2 1 8 3 4 5 . 6 3 6 8 8 0 . 0 1 5 0 . 2 6 7 6
1 . o o o o n n ,500000 8 . 1 7 9 7 2 1 8 . 2 0 1 6 1 2 . 0 2 1 8 . 2 6 7 6
0 . 0 0 0 0 0 0 . 7 5 0 0 0 0 . 8 8 3 9 6 1 . 8 8 6 3 2 7 . 0 0 2 3 . 2 6 7 6
. 2 5 0 0 0 0 .  7 5 0 - ^ 0 0 1 . 2 8 6 1 5 6 1 . 2 8 9 5 9 8 . 0 0 3 4 . 2 6 7 6
. 5 0 0 0 0 0 . 7 5 0 0 0 0 1 . 8 7 1 3 4 6 1 . 8 7 6 3 5 4 . 0 0 5 0 . 2 6 7 6
. 7 5 0 0 0 0 . 7 5 0 0 0 0 2 . 7 2 2 7 9 2 2 . 7 3 0 0 6 5 . 0 0 7 2 . 2 6 7 1
1 . O O O O O O . 7 5 0 0 0 0 3 . 9 6 1 6 4 0 3 . 9 7 2 2 4 2 . 0 1 0 6 . 2 6 7 6
0 . 0 0 0 0 0 0 1 . O O O O O O . 4 2 8 1 2 4 . 4 2 9 2 7 0 . 0 0 1 1 .  2 6 7 6
. 2 5 0 0 0 0 1 .ooonoo . 6 2 2 9 1 7 . 6 2 4 5 8 4 . 0 0 1 6 . 2 6 7 6
. 5 0 0 O O O ■| ,  0 0 0 n 0 0 . 9 0 6 3 3 8 . 9 0 8 7 6 4 .  0 0 2 4 .  2 6 7 6
. 7 5 0 0 0 0 1 .ooonoo 1 . 3 1 8 7 1 5 1 . 3 2 2 2 4 4 . 0 0 3 5 . 2 6 7 6
1 .oooonn a . ooonoo 1 . Q 1 8 7 1 9 1 . 9 2 3 8 2 4 . 0 0 5 1 . 2 6 6 0
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I N T F G R A L  F Q U A T I O N  W I T H  K E R N F L = F X P ( 1 • 5 X ~ 2 . 9 T ) ♦  C O M P A R I S O N
O F  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H ) * * - 1 " I ) / H
L A M B D A =
D F L T A X =
X
2.50
.2500000
T INTERVAL( 0.0* 1.0) R-KERNEL ESTIMATE ERROR PERCENT ERROR
0 ,000000 0 .ooonoo -7.238767 -6.962461 .2763 -3.8170.250000 0 .ooonoo- 10.532344- 10.130320 . 4020 -3.8170.500000 0 .ooonoo- 15.324471- 14.739530 .5849 -3.8170.750000 0 .oonnoo- 22 .296974- 21.445890 .8510 -3.81701 ,oooono 0 . ooorino- 32.441905- 31 .203584 1.2383 -3.81700 , noonno .25nnno -3.5 05913 -3.372090 .1338 -3.8170. 2 50000 .250000 -5.101073 -4,906362 . 1 947 -3.8170.500000 .250000 -7.422017 -7.138716 .2833 -3.8170.750000 .250000- 10.798971- 10.386771 .4122 -3.81701.000000 .250000- 15.712412- 15.112662 .5997 -3.81700 .000000 .500000 “ 1.697999 -1,633186 .0648 “ 3.8170,250000 .500000 -2 .470575 -2.376272 .0943 -3,8170.500000 .500000 -3.594665 -3.457455 .1372 -3.8170.750000 .500000 -5.230207 -5.030568 .1996 -3.81701.oooono ,500000 -7.609906 -7.319433 .2904 -3.81700 .ooonoo .750000 -.82 2383 -.790992 .0313 -3.8170,250000 .750000 -1.196560 -1.150887 .0456 -3.8170,500000 .750000 -1.740984 -1.674530 • 0664 -3.8170.750000 .750O00 -2.533118 -2.436427 .0966 -3.8170
1 .oooono .750000 —3.685665 -3.544981 .14 06 -3.8170
0 .ooonoo 1 .ooooon -.3 98300 -.383096 .0152 -3.8170
.250000 1.000000 -.579523 -.557402 .0221 -3.8170
.500000 I.OOOOOO -.843201 -.811016 .0321 -3.8170
.750000 1 .000000 -1.226851 -1.180021 • 0468 -3.8170
1 ,000000 1 .000000 -1.785058 -1.716921 • 068 1 -3.8170
-119—
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.
I N T E G R A L  E Q U A T I O N  W I T H  K E R N E L = E X P ( 1 • 5 X - 2 . 9 T ) » C O M P A R I S O N
O E  R E S O L V E N T  K E R N E L  A N D  ( ( I - L A M B D A * K E R N E L * H  ) *■ « ■ -1  -  I  ) / H
L A M B D A =
D E L T A X =
X
? .50
.1250000
T INTERV AL ( 0.0, 1.0) R-KERNEL ESTIMATE ERROR PERCENT ERROR
0 .000000 O.oooooo -7 .238767 -7 ,16 7 5 5 0 .0712 .9838.250000 O.OOOOOO- lO .5 32344- 10 .428726 ,1036 .9838.500000 0.000000- 15 .324471- 15 .173706 ,1507 _.9838.750000 0.000000- 22 .296974- 22 .077612 .2193 — ,98381.000000 0.000000- 32 ,441905- 32 .122736 .3191 .98380 .000000 .250000 -3 .505913 -3 ,471421 .0344 .9838.250000 .250000 -5 .101073 -5 ,050888 .0501 — .9838,500000 .250000 -7 .422017 -7 . 348998 ,0730 .9838.750000 .250000- 10 .798971- 10 ,692730 .1062 •M..98381 .000000 .250000- 15 .712412- 15 .557831 .1545 —.98380 .000000 . 500O0O -1 .697999 -1 .681294 .0167 — .9838.250000 .500OQ0 -2 ,470575 -2 .446269 ,0243 _ .9838. S 0 0 o o 0 , EOOoQO ... .. ̂ .594665 -3 .550300 .0353 — .9838.750000 . 500OQ0 -5 .230207 -5 .178751 .0514 — .98381.oooooo . 500000 -7 .609906 -7 .535039 .0748 — .98380 .000000 .750000 — .822383 - .814292 .0080 —.9838,250000 .750000 -1 .196560 -1 ,184788 .0117 .9838,500000 .750000 -1 .740984 -1 .723856 ,0171 ■—.9838.750000 .750000 -2 .533118 -2 ,508 196 .0249 —.9838
1.000000 .750000 — 3.685665 -3 ,649404 ,0362 .98380 . O O O O O O 1 . OOOOOO — .398300 — .394381 ,0039 —. 9838.250000 1 .OOOOOO — .579523 — .573821 ,0057 .9838.500onn 1 .ooonoo - .843201 — .834905 .0082 — .9838.750000 I.ooonoo -1 .22685 1 -1 .214780 ,0120 .9838
1 ,  ooonoo I,ooonoo -1 .785058 -1 .767496 .0175 — .9838
— 12 0 —
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